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Abstract
Recently, we have discovered some geometrical diagrams attributed to al-H
.
ajja¯j. These diagrams offer us new
insight into the Arabic transmission of the Elements of Euclid. From an analysis of both Arabic and Latin texts, we
find indirect evidence concerning the existence of a tradition of H
.
ajja¯j diagrams. This tradition, taken together with
other textual features, helps to reveal the influence of al-H
.
ajja¯j, even though the transmission of his translation has
become contaminated with other Arabic traditions.
 2004 Elsevier Inc. All rights reserved.
Zusammenfassung
In letzter Zeit haben wir einige geometrischen Diagramme entdeckt, die al-H
.
ag˘g˘a¯g˘ zugeschrieben werden. Diese
Diagramme bieten uns einen neuen Einblick in die arabische Überlieferung der “Elemente” von Euklid. Durch
die Analyse arabischer und lateinischer Texte haben wir indirekte Hinweise auf das Bestehen einer Tradition
von H
.
ag˘g˘a¯g˘-Diagrammen gefunden. Diese Tradition, zusammen mit anderen Eigenschaften der Texte, ermöglicht
es uns, den Einfluß von al-H
.
ag˘g˘a¯g˘ aufzudecken, auch wenn die Überlieferung seiner Übersetzung mit anderen
arabischen Traditionen vermischt worden ist.
 2004 Elsevier Inc. All rights reserved.
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1. Introduction
Nearly a decade ago, I. Grattan-Guinness noted in the pages of this journal that “little seems to be
known about the history of the diagrams in the Elements” [Grattan-Guiness, 1996, 369, note 10]. My own
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there has been little serious discussion of geometric diagrams in the Arabic Euclidean tradition until the
recent work of Brentjes [1997/1998, 2001]. In large part, the apparent lack of interest is probably because
“we don’t really quite know what we are looking for as we look at the . . . diagrams” [Hall, 1996, 3].
Hall is discussing the efflorescence of diagrams and technical illustrations starting with the European
Renaissance. Diagrams, of course, were present in geometrical texts long before the Renaissance.1 Why
are the diagrams there? How are they constructed? What can we learn from their study? Few historians
have yet given serious consideration to such questions.
The initial impetus for my own interest in the history of geometrical diagrams stems from the
discovery of a collection of alternative diagrams found in the margins of an Arabic manuscript of the
Euclidean tradition. The alternative diagrams, when viewed in relation to other structural and linguistic
features of Arabic discussions of Euclid, often suggest a distinct bifurcation within the tradition. In this
paper, I explore some features intrinsic to diagrams of the Arabic Euclidean tradition and ways that the
diagrammatic features might assist us to establish at least a provisional view of some genetic relationships
within the corpus of Euclidean literature in Arabic. Although the textual traditions remain tangled and
intertwined in ways that are still confused and poorly understood, we can at least begin to rough in an
intellectual map, admittedly with only very broad outlines, to make clearer the changing influence of
such textual traditions in temporal, and, ultimately, perhaps also in geographical extent.
2. Preliminary considerations
Arabic discussions of Euclid’s work do not stand in complete intellectual isolation. They are part of
a historical transmission of knowledge that crosses both linguistic and social boundaries as it moves
forward. The Arabic transmission cannot be fully appreciated unless seen against the backdrop of the
Greek mathematical tradition where Euclid’s work first took shape and where the earliest elaborations
on the treatise were produced. The initial transfer to the Arabic–Islamic world was conceptually, and
almost certainly formally, a direct reflection of the state of Euclidean scholarship in Byzantium and
the Near East. In the course of time, we are not surprised to find the two traditions slowly diverging
as Euclidean studies become naturalized into Islamic culture. In this section, I briefly summarize the
current state of our knowledge of the transmission and assimilation process2 and give some remarks on
the methodological assumptions that I make in this initial attempt to study Euclidean diagrams within the
Arabic transmission.
2.1. Features of the transmission of the Elements from Greek into Arabic
A number of researchers have discussed the transmission process. Murdoch [1971] provides a concise
introduction, focusing primarily on the Greek–Arabic–Latin strands. A complete and critical analysis
of more recent discussions by Brentjes [2001, 39–51] gives attention also to strands such as Syriac and
1 The earliest papyrological evidence shows that diagrams were already present in the tradition by the second or third century
[Fowler, 1990, plates 1–3].
2 The process of transmission, assimilation, and naturalization has been discussed in Sabra [1987].
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from Greek and into Latin. My own brief summary account relies heavily on their work.
Any consideration of the transmission of the Elements from Greek into Arabic must begin with the
Greek text. Of course, we do not possess anything like an autograph of Euclid’s treatise. Heath [1956,
I, 46–63] provides an overview of existing manuscript copies. It was on the basis of these manuscripts
that Heiberg [1883–1888] produced the standard edition of the Greek text. Knorr [1996] has criticized
the choice of methodology employed in this edition, arguing that Heiberg was incorrect to reject the
suggestion of Klamroth [1881] that the Arabic text should be considered in order to evaluate and correct
the Greek text. The Klamroth–Heiberg debate has recently been reexamined in detail by Rommevaux
et al. [2001, 227–235]. Papyrological evidence, although scanty, also allows some evaluation of the extant
Greek manuscripts against testimony from the early Greek Euclidean tradition.3
The effort to untangle the transmission of Euclid’s Elements from Greek into Arabic is not unlike an
attempt to loose the Gordian Knot without resorting to the radical solution of cutting it as Alexander is
reputed to have done. We can quite easily perceive that the historical knot is constructed from at least
two different ropes, each of which is made up of several strands more or less tightly plaited together. The
ends of the strands, however, are buried somewhere in the interior of the knot and so are not immediately
accessible. Hence, we cannot tell whether the ropes we see in the knot are continuous with the original
ropes or a modification of them, nor, if a modification, what was the nature of that modification.
At the origin of the tangle is the translation of al-H
.
ajja¯j ibn Yu¯suf ibn Mat
.
ar,4 made early in the third
(Hijra)/ninth (Christian) century. Some while after its completion, al-H
.
ajja¯j reedited his translation using
principles that are poorly described in the bio–bibliographical literature. Thus there were, from very
early, two competing versions of the Elements associated with the name of al-H
.
ajja¯j: a translation and a
later edition of that translation.5 Near the end of the third/ninth century, another translation was prepared
by Ish
.
aq ibn H
.
unayn. His translation, in turn, is reported to have been edited, using yet unspecified
techniques, by the mathematician Tha¯bit ibn Qurra. Whether Ish
.
aq or Tha¯bit worked entirely independent
of the earlier work of al-H
.
ajja¯j is not made clear in the summary reports of the biobibliographers. There
are now no Arabic manuscripts purporting to give the primary transmission of either al-H
.
ajja¯j or Ish
.
aq.
All manuscripts that have, historically, been classed as copies of the primary transmission [Folkerts,
1989, 28; Brentjes, 2001, 52] represent the edited Ish
.
aq–Tha¯bit version. These manuscripts are now
recognized to be less than pristine, although the amount of “contamination” cannot be adequately judged
at the present juncture.
Examination of patterns of macroscopic structural variations within the primary transmission, such as
(1) interpolation of definitions introducing alternative technical vocabulary, (2) reordering of definitions
and propositions, (3) substitution of alternative demonstrations in some propositions, and similar features
not easily accommodated within a conventional critical textual apparatus, permit us to divide the Ish
.
aq–
Tha¯bit primary transmission manuscripts into two broad classes, which I designate Group A and Group B,
without implying a judgment about superiority of one group of manuscripts over another. Within extant
manuscripts, such macroscopic variations occur primarily between Books V and X. Each class or group
3 The discussion of extant papyri by Fowler [1990, 202–220] may be supplemented with the new material described by
Brashear [1994].
4 In this paper, I shall use al-H
.
ajja¯j when referring to the person of the translator himself. When referring to the tradition
ostensibly built upon his work, I use H
.
ajja¯j, without the Arabic definite article.
5 The most comprehensive discussion of al-Hajja¯j and his translation of the Elements is in Brentjes [1994].
.
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variations, those which can be relatively easily accommodated within the modern critical apparatus.6
Manuscript family A-1 (Andalusian family) consists of Escurial 907; Rabat 1101; and Rabat 53.7 The
first two are complete; the third contains only Books I–V. This family of manuscripts contains quotations
attributed to al-H
.
ajja¯j which are discussed in De Young [1992]. Family A-2 (Chester Beatty family) con-
sists of Dublin, Chester Beatty 3035; Tehran, Majlis Shu¯ra¯ 200; Rampur, Rid
.
a¯ Library 3656. All three
were complete in recent times, but the Chester Beatty manuscript has now lost several of its initial folios.
Tehran appears to be copied from Chester Beatty 3035. The copying must have occurred before Chester
Beatty lost its initial folios. Rampur is carelessly copied, despite its rather elegant hand, and many dia-
grams have been omitted from the later folios of Book X.8 Family A-3 (Copenhagen family) consists of
Copenhagen, Mehren LXXXI and Istanbul, Fatih 3439/1. Neither manuscript is complete. Copenhagen
begins with Book V. Fatih opens abruptly in the middle of Proposition IV, 14, although a folio containing
most of Propositions III, 1–7, copied in the same hand, has been misbound at the beginning of Book XII.
A fragment now in Otego University Library, De Beer 8, probably belongs here as well, although it has
not been sufficiently studied for final determination. It contains most of Books I–III, lacking at least one
folio from the beginning of Book I and having a significant lacuna near the end of Book III.
Manuscript family B-1 consists of Cambridge, Addit. 1075 and Oxford, MS Huntington 435. The
Huntington manuscript is difficult to situate within this scheme, since it resembles a pastiche drawn
from several different texts which belonged to different manuscript families.9 The manuscript is assigned
a place here because this is the affiliation of the majority of the manuscript. Family B-2 consists of
Uppsala, O. Vet. 20 and Oxford, Thurston 11. Tehran, Malik 3586, whose lacuna is precisely completed
by Tehran, Danishgah 2120, probably should be placed among the B manuscripts, although its patterns
of variants do not connect it closely with either of these two families of manuscripts.
Finally, the primary transmission document St. Petersburg, Akad. Nauk C 2145, does not fully fit
within either the A or B groups. It awaits a complete and definitive study of its many unusual features.10
One of its distinctive features is that many diagrams in Book X are without letter labels, although letter
labels are present throughout the remainder of the manuscript. Such omissions are rare in the Arabic
transmission. The longer one studies the manuscript, the greater one’s confusion becomes, for even
without labels the diagrams often appear to bear little relation to the verbal content of the proposition.
The explanation for the confusion between text and diagram seems to be that the text was copied from
one transmission family, while the diagrams were supplied from another, divergent, family. Consider
the following example: Proposition X, 7 (St. Petersburg, fol. 114a) corresponds to Proposition X, 7 in
all other Arabic primary transmission manuscripts and to Proposition X, 9 in the Greek text of Euclid.11
6 This general grouping was first proposed in De Young [1984]. See also Rommevaux et al. [2001, 258–259]. An example
of such global differences appears in Appendix III of Rommevaux et al. [2001].
7 In this paper, I refer to manuscripts by short citation only. Complete citations are found in Appendix D.
8 One feature binding this family together is the inclusion of a supplement attributed to Abu¯ Sahl al-Qu¯hı¯ attached to
Book II. This supplement has been edited and translated by De Young [1991/1992]. This material has recently been identified
by Berggren and Van Brummelen [2002–2003] as al-Qu¯hı¯’s lemmas to Apollonius’ Conics.
9 For example, the first portion of Book XI appears twice within the manuscript. The first time, it (fol. 148b–149a) follows
Group A readings. The second (fol. 220b–221a) follows a deviant reading on the pattern of St. Petersburg, Cambridge, and
Rabat 1101.
10 Rommevaux et al. [2001] have reached a similar conclusion concerning the importance of this manuscript. See, for example,
Rommevaux et al. [2001, 259, note 129].
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find, without lettering, in the St. Petersburg manuscript. The next proposition in the manuscript, X, 8
(fol. 114b), corresponds to Proposition X, 10 in most other Arabic primary transmission manuscripts
(because of a reordering of propositions found in St. Petersburg and the Andalusian or Maghribi
manuscripts) and to Proposition X, 12 in the Greek Euclid. The diagram for X, 12 in Greek contains
10 lines [Heath, 1956, III, 34]. The diagram we find in the St. Petersburg manuscript contains only 4.
When we turn to Proposition X, 8 in the majority of Arabic primary transmission manuscripts, we see that
it corresponds to Greek Proposition X, 11. The diagram for Greek X, 11 does indeed contain four lines
[Heath, 1956, III, 33]. Thus it appears that someone, whether the copyist of the St. Petersburg manuscript
or an earlier copyist, faced with diagrams that were either missing or not clear, and being himself not
particularly skilled at or interested in mathematics, procured another manuscript for the sake of rendering
the diagrams into the text, apparently not noticing that there had been a reordering of propositions, and so
produced diagrams that make no sense in relation to the text of the propositions. Probably we should lay
the blame for the confusion on an earlier copyist, since we do not find examples of the incorrect amount
of space being left for a diagram in the St. Petersburg manuscript.
The preceding is only a schematic outline and much simplified from the full complexity of the extant
Arabic primary transmission. It was developed based on relatively large-scale variations in structural
elements. In this very broad sketch, I have tended to lump together manuscripts on the basis of global
patterns of characteristics within the text as a whole. A great deal remains to be done, however, on the
level of philological analysis. There are many occasions when study of such fine-scale features reveals
variations, not only book by book but proposition by proposition. All such evidence must be considered
in order to delineate fully the precise patterns of intermingling that the manuscripts now exhibit.
Because the primary transmission, as it now exists, is so commingled, we find ourselves relying
heavily on the secondary transmission, as Brentjes [1996] has described. The secondary transmission
consists of two strands of evidence. First, there are elements of the Greek secondary elaboration of
Euclid that have entered into and survived in the Arabic Euclidean tradition, whether in the form of
translation, paraphrase, quotation, or extract.12 Much more numerous are the texts composed in Arabic
and based on the Arabic primary transmission: commentaries, emendations, redactions, summaries,
extracts, “corrections,” compendia, and more. A few have received a more-or-less perfunctory analysis,
but the majority have yet to be studied in the light of modern scholarship.13
Efforts to disentangle the complexities of the Arabic tradition require consideration also of the Hebrew
and Latin Euclidean transmissions that were formed on or derived from this Arabic foundation. Within the
Arabic–Hebrew transmission, for example, we find at least one Arabic manuscript written with Hebrew
characters that is reported to provide explicit information relating to the tradition of al-H
.
ajja¯j [Lévy,
1997a, 92, note 39].14 We also find nearly 30 extant Arabic–Hebrew primary transmission manuscripts,
associated with at least three different translators, not to mention a considerable literature of secondary
elaborations in Hebrew. The wealth of Hebrew Euclidean material has begun to be explored by Lévy
11 The difference in numeration arises because the Arabic tradition omits Euclid’s Propositions X, 7 and 8.
12 See, for example, the study of quotations from the Greek commentary by Simplicius in Arnzen [2002]. Unfortunately,
I have not had opportunity to consult this book.
13 Brentjes [2000] is an exemplary study of a representative of the Arabic secondary transmission, an early commentary by
al-Kara¯bı¯sı¯ and its relation to the Arabic primary transmission.
14 The importance of Arabic treatises written in Hebrew characters has been pointed out by Langermann [1996a, 1996b].
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Similarly, the Arabic–Latin transmission, ostensibly built directly on the Arabic, requires closer
scrutiny than it has yet been accorded. We know of “translations” from the Arabic, made during the
12th century by Hermann of Carinthia,15 Adelard of Bath, and Gerard of Cremona.16 None of these
Latin versions appears to be a “pure” translation. But does the admixture of features come before the
translation (within the Arabic transmission itself) or later (within the Latin transmission), or does some
of the intermingling of materials happen when one translator utilizes an earlier translation in his own
work? Once again, our knowledge remains very preliminary. Busard, who edited the Latin versions, has
altered his opinion about the relation of the Latin versions to their Arabic progenitors several times over
the years [Brentjes, 2001, 41–43]. As in the case of the Arabic transmission, secondary elaborations in
Latin require additional analysis before we can perfect our understanding of the primary transmission.
2.2. Methodology
One question of interest in the early transmission of the Elements into Arabic focuses on the methods
and techniques of the original translators themselves. Although obscured by a dearth of direct evidence,
there are hints contained in brief quotations, ostensibly from one or another branch of the primary
transmission, preserved in later documents. There also exist, within secondary transmission treatises,
specific reports describing the form or content of the primary transmission. Whether such quotations or
reports should be taken as literally verbatim or only as reports of general characteristics is not yet, and
possibly never will be, fully determinable. In the face of many uncertainties concerning the earliest forms
of the transmission, my approach is to take explicit attributions at face value unless there is compelling
evidence to the contrary. That is, when an author or commentator gives an alternative reading or diagram
and explicitly refers it to al-H
.
ajja¯j, Ish
.
aq, or Tha¯bit, I presume that the author deliberately intends to
place the material within a specific branch of the Arabic transmission. What we cannot know, because
of the complex commingling of the strands of the Arabic Euclid, is whether such material is actually
traceable to the original translator, or derives from an early editing of the translation, or represents some
later adaptation or re-working of material which has been ascribed to either the H
.
ajja¯j or the Ish
.
aq–Tha¯bit
tradition.
Examples of direct ascriptions are relatively rare, although more and more are being discovered.17
As we compare such ascribed readings to material in the secondary elaboration of the Arabic Euclidean
tradition, we can begin to see general trends in the way specific authors either adopt or fail to adopt
ascribed readings, even when the authors, compilers, editors make no explicit ascriptions. Such patterns
of readings allow us to suggest, as a broad generalization, that writers of certain treatises seem to
15 Brentjes [2001, 67–75] has argued persuasively that Hermann’s text is a translation of a work from the Arabic secondary
elaboration, not a H
.
ajja¯j primary transmission text that has been loosely paraphrased, as had been tentatively suggested by
Lorch [1987, 54].
16 A study of Gerard of Cremona’s Latin version in relation to the Arabic Euclidean transmission is in preparation by the
present author.
17 The most recent is in an anonymous Arabic commentary on the Elements preserved in Hyderabad, India [Rahman et al.,
1982, 421]. The direct ascriptions and quotations found in this commentary have been translated and discussed in De Young
[2002–2003]. For convenience, I shall henceforth refer to this treatise as the Hyderabad commentary.
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.
ajja¯j, while others prefer Ish
.
aq–Tha¯bit. When
secondary elaboration treatises diverge, even though there exist no ascriptions to the transmission
traditions, therefore, I postulate, as a preliminary working hypothesis, that the divergence probably
reflects a variation between the broadly defined H
.
ajja¯j and Ish
.
aq–Tha¯bit traditions—and the hypothesis
is somewhat strengthened when treatises of the Arabic secondary elaboration repeatedly agree with one
another in adopting a consistent pattern of readings or style of diagram construction. In no sense, though,
can we be dogmatic about such hypotheses, since the complexity and incompleteness of the documentary
evidence still prevents anything like a definitive characterization of textual traditions.
Few treatises of the Arabic secondary transmission have been subjected to complete and critical study.
Among them, some, especially from the relatively early period, exhibit structural features implying an
influence from the H
.
ajja¯j transmission. They include the commentary of al-Kara¯bı¯sı¯, which has been
discussed in Brentjes [2000], the epitome of Ibn Sı¯na¯ [1977], and the Is
.
la¯h
.
(“Correction”) of the Elements
by al-Abharı¯.18 Other treatises, although typically following what appears to be the main stream of the
Ish
.
aq–Tha¯bit transmission, show an awareness or adoption of at least some structural features from the
H
.
ajja¯j tradition. They include the Tah
.
rı¯r of al-T
.
u¯sı¯ and that of Pseudo-T
.
u¯sı¯ [1594], which shares some
technical vocabulary with al-T
.
u¯sı¯’s treatise. Still others, such as the commentaries of Ibn al-Haytham
[1985, 2000] and the abridgment by al-Nasawı¯, published by Saı¯da¯n [1991], seem primarily related to
the transmission of Ish
.
aq. Study of genetic relations within the secondary elaboration is still in its infancy,
however.19
Lacking a direct ascription in a manuscript, therefore, I tentatively attribute unascribed structural,
diagrammatic, or philological/textual features to the H
.
ajja¯j tradition only if
(1) the same features recur in primary or secondary transmission manuscripts that include a direct
ascription or an explicit report linking the features in question to the H
.
ajja¯j tradition, or
(2) the features are common to texts which show a preference for readings drawn from the H
.
ajja¯j
tradition and such features differ from those found in treatises that seem to exhibit a preference
for some form of the Ish
.
aq–Tha¯bit tradition.
In the second case, both conditions should be present.
3. Introducing the Arabic manuscript Yahuda 4848
Manuscript Yahuda 484820 contains most of the Tah
.
rı¯r, or redaction, of the Elements by Nas
.
ı¯r al-Dı¯n
al-T
.
u¯sı¯ (1201–1274), probably the most widely copied and circulated mathematics treatise of the classical
Islamic period. The manuscript has been extensively annotated in Arabic with several hands discernible.
Because the manuscript is acephalous, opening with the last lines of Proposition I, 29, the identities of
18 At least this characterization is true for the earlier books of the Elements. After Book VI, al-Abharı¯ tends to follow the
Ish
.
aq–Tha¯bit formulation. Ibn Sı¯na¯ seems to change his style of writing after Book X.
19 A limited example of how structural features spread from the primary into the secondary transmission may be seen in
Appendices IV and V in Rommevaux et al. [2001].
20 Yahuda 4848, Islamic Manuscripts Collection, Department of Rare Books and Special Collections, Princeton University
Library.
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.
a¯n 736/1336
C.E. Heavy usage over many years has left the manuscript more than a little tattered. In numerous places,
annotations have been damaged or completely lost due to fraying of the margins of the folios.
The manuscript, like all copies of the Tah
.
rı¯r that I know, includes a full set of diagrams.21 One of the
annotators has added, in the margins of Books V, VII–IX and X, some 60 alternative diagrams. Forty-
two are explicitly attributed to, or labeled with the name of, al-H
.
ajja¯j.22 The 18 diagrams which lack
explicit attribution were almost certainly rendered by the same annotator because they are so similar
in style to diagrams explicitly attributed to al-H
.
ajja¯j. The alternative diagrams do not occur with every
proposition. Hence it would seem that they were selected for inclusion for some specific reason. The
most plausible is that they record information different from diagrams found in the treatise of al-T
.
u¯sı¯,
whose diagrams are usually consistent with those found in manuscripts attributed to the Ish
.
aq–Tha¯bit
transmission. The differences lie, for the most part, in the arrangement of letters used to label diagram
elements. Occasionally, there are differences in the structure of the diagram itself. I discuss representative
examples of both sorts in Section 5.
Many of the alternative diagrams also include specific numerical values, which often appear to differ
from numerals found in diagrams of the Tah
.
rı¯r. Klamroth [1881], in his early study of the Arabic
tradition, had claimed that numerical examples were characteristic of the work of al-H
.
ajja¯j. More than a
century later, the attempt by Knorr [1996] to reexamine the debate between Klamroth and Heiberg and
to “rehabilitate” the position of Klamroth encourages us to reconsider the numerical aspect of geometric
diagrams in manuscripts of the Arabic Euclidean tradition. I shall turn to this subject in Section 9.
The alternative diagrams in the margin of Yahuda 4848 offer a small but intriguing window into the
tradition deriving from the early translation work of al-H
.
ajja¯j. They are the only source now known
to give us explicit information about diagrams within this tradition. In several instances, the divergent
tradition of diagram construction appears to parallel divergences in textual formulation that are explicitly
attributed, in some Arabic manuscripts, to al-H
.
ajja¯j. When all the bits of information are taken together,
a somewhat clearer picture of the general characteristics of the H
.
ajja¯j transmission begins to emerge and
we are increasingly able to trace its influence within the Arabic secondary elaboration, as well as in the
Arabic–Latin and Arabic–Hebrew transmissions of the Elements.
4. Characteristics of marginal diagrams ascribed to al-H
.
ajja¯j
The annotator of Yahuda 4848 seems to indicate the following kinds of information in his alternative
diagrams:
21 Their number is somewhat less than the number found in Euclid’s Greek text because, in Book X, al-T
.
u¯sı¯ tends to give a
full demonstration, with diagram, for the first member in each family of irrational lines. He then notes, for successive members
of each family, only significant differences without repeating the entire demonstration and refers, when possible, to the same
diagram without repeating it in the text.
22 Use of his name, however, does not necessarily imply that the material represents the original form of the diagram either
in his translation or in the later reediting that he made of his work. It may equally refer to some later, not yet specifiable
edited H
.
ajja¯j version that preserves or was thought to preserve his work. I interpret such ascriptions in the broadest and least
specific terms possible: the diagrams represent a report which the annotator believed to derive from a tradition attributed to the
translation activity of al-Hajja¯j. Beyond that it is not yet safe to speculate..
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(2) altered labels for diagram elements, whether lines or points,
(3) altered numerals included in the diagrams.
An alternative diagram may reflect one or more of these differences. A list of alternative diagrams,
with their referent propositions within the Tah
.
rı¯r, their status as ascribed or unascribed, and the specific
kinds of data they convey, is given in Appendix B. Examples of these alternative diagrams are shown in
Plates 1–4.
There are nine alternative diagrams in the margins of Book V. Seven are explicitly labeled with the
name al-H
.
ajja¯j. They accompany Propositions 5, 9, 10, 11, 13, 20, and 21. Diagrams not bearing explicit
ascriptions occur in conjunction with Propositions 12 and 15. (In each case, it appears not unlikely that
the ascription might have been lost from wear to the margins.) The latter two are puzzling. Apart from
elements of the diagrams apparently lost due to wear and fraying of the manuscript margins, they do not
seem to differ in any way from the corresponding diagrams of the Tah
.
rı¯r, except that the diagram for
Proposition 12 in the Tah
.
rı¯r includes some numerical values,23 while the alternative diagram appears to
have none. Among the explicitly attributed marginal diagrams, that belonging to Proposition 5, discussed
in Section 5.1, presents a clear difference between conventions of diagram construction used in H
.
ajja¯j and
to Ish
.
aq–Tha¯bit transmission traditions. The remainder appear to differ little from diagrams within al-
T
.
u¯sı¯’s Tah
.
rı¯r except in the numerical values attached to their diagram elements. The alternative diagram
for Proposition 11 (fol. 28b) is especially puzzling. It consists of a series of 12 vertical lines, as does the
diagram in the Tah
.
rı¯r. Each line is labeled with a numerical value, 11 of which are vertically oriented,
while the remaining one is horizontally oriented; only one line, the third from the left, has a letter
label (K). The position of this lettered line does not allow an unambiguous correlation between marginal
and textual diagrams.
In addition to the ascribed diagrams, there is a verbal statement in two lines beside Proposition V, 23
(fol. 30a). It may be in the hand of an annotator different from the creator of the diagrams under
discussion, although with such a small fragment no definitive conclusion can be reached. The statement
is incomplete, apparently resulting from damage to the manuscript margin. Its first line reads “wa-fı¯
nuskhat al-H
.
ajja¯j” (and in the text of al-H
.
ajja¯j) and the second line reads “bi-l-la¯m wa bi-l-” (by L
and . . . ). With so little to work from, it is a difficult statement to interpret, although it is clearly reporting
something ascribed to the tradition deriving from al-H
.
ajja¯j and something related to a letter L and at
least one other letter. As we examine the Arabic primary and secondary transmissions, we notice that
al-T
.
u¯sı¯ has adopted an unusual pattern of labeling in this proposition. Almost all our Arabic primary
transmission manuscripts, as well as the published Latin versions, interchange the position of K and L in
respect to their location in al-T
.
u¯sı¯’s diagram. Other Arabic secondary transmission texts, such as Kita¯b
al-Shifa¯ [Ibn Sı¯na¯, 1977, 186] and the Is. la¯h. of al-Abharı¯ (Chester Beatty 3424, fol. 35b), along with the
Chester Beatty (A-2) family of primary transmission manuscripts,24 interchange both T–K and L–M with
23 The numerical values are not completely legible on the microfilm that I am using. The numerals that can be distinguished
appear to differ from those used in British Library, Add. 23387 (fol. 83a). A third copy of the Tah
.
rı¯r in my possession,
Hyderabad, State Central Library, Riya¯d
.
ı¯ 496, appears to have no diagram numerals. Such scribal variations require additional
study.
24 Chester Beatty 3035, fol. 32b; Tehran, Majlis Shu¯ra¯ 200, fol. 69a; Rampur, Arshı¯ 3656, fol. 62a.
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.
u¯sı¯’s version of the diagram. It is not possible to connect either variation
unambiguously with the H
.
ajja¯j statement, though, since both possible variants involve an L.
There are 25 alternative diagrams for Book VII. Only two, placed beside al-T
.
u¯sı¯’s Propositions 7 and 9,
lack an explicit ascription to al-H
.
ajja¯j. Diagrams having ascriptions appear with al-T
.
u¯sı¯’s Propositions 3,
4, 11, 12, 13, 14, 15, 16, 17, 18, 23, 24, 25, 26, 27, 28, 31, 32, 33, 36, 37, 38, 39. Four diagrams
(Propositions 4, 9, 11, 15) show no differences from al-T
.
u¯sı¯’s Tah
.
rı¯r apart from the numerical values
attached to diagram elements. The majority of the remainder differ from al-T
.
u¯sı¯’s diagrams in two
respects:
(1) they assign double letter labels, rather than a single letter as in al-T
.
u¯sı¯’s treatise25 and often, also,
(2) they attach different numerical values to the diagram elements.
Three diagrams, however, exhibit greater divergences. The alternative diagram connected to al-T
.
u¯sı¯’s
Proposition 7 (fol. 37b), for example, omits a letter T which is found in the diagram of al-T
.
u¯sı¯’s Tah
.
rı¯r,
in addition to providing different numerical values. From placement of the diagram, it is very unlikely
that the letter T was lost due to manuscript wear.26 In another unusual case, the alternative diagram
beside al-T
.
u¯sı¯’s Proposition 36 contains only two lines, each labeled using double lettering, A–B and
G–D, and each bearing the numerical value 11, while the diagram in al-T
.
u¯sı¯’s Tah
.
rı¯r (fol. 39[bis]a)
contains six lines, labeled with single letters and without discernable numerical values. The location of
the alternative diagram makes it unlikely that the remainder has been lost due to manuscript wear. I have
not encountered a similar reduced diagram for this proposition elsewhere in the Arabic literature. The
Arabic–Latin version of Adelard [Busard, 1983, 222] also uses in its diagram the double lettering, which
appears to emanate from the H
.
ajja¯j transmission tradition, but includes six diagram elements as found in
al-T
.
u¯sı¯’s Tah
.
rı¯r.27 Similarly, the H
.
ajja¯j diagram which is joined to al-T
.
u¯sı¯’s Proposition 39 contains six
values, each indicated with double lettering, rather than the eight elements found in the Tah
.
rı¯r diagram.
In this case, though, the placement of the diagram makes it possible that material has been lost due to
manuscript wear. Once again, Adelard [Busard, 1983, 224] uses the system of double lettering for his
diagrams, but has eight lines as does al-T
.
u¯sı¯’s Tah
.
rı¯r.28
25 This difference is illustrated in the discussion of Proposition VII, 3 (Section 5.3).
26 The letter T is used only in the alternative demonstration given by al-T
.
u¯sı¯. Perhaps absence of the letter in the alternative
diagram in the margin of Yahuda 4848 indicates that the alternative demonstration was not found in the tradition of al-H
.
ajja¯j.
The letter is also missing from the diagram for VII, 7 in the Arabic secondary transmission treatise, Kita¯b al-Shifa¯ [Ibn Sı¯na¯,
1977, 217]. The diagram in the Tah
.
rı¯r of Pseudo-T
.
u¯sı¯ [1594, 172] also lacks the T, since he does not include the alternate
demonstration. Although al-Abharı¯ (Chester Beatty 3424, fol. 47a) and al-Maghribı¯ (Oxford, Or. 448, fol. 56b) use somewhat
different letter labels in their diagrams, neither includes a letter where al-T
.
u¯sı¯ had placed the T. Nor does either include the
alternative demonstration. The letter T is similarly missing from diagrams reported in the Arabic–Latin versions of Adelard
[Busard, 1983, 202] and Hermann [Busard, 1977, 27].
27 One might suggest that the annotator intended to indicate only values that differ in some way from the original, but such
has not been his custom throughout the treatise and so the hypothesis must be discounted.
28 Another example of curiously incomplete diagrams is found in St. Petersburg C 2145, fol. 231b, where the diagram
for Proposition 36 consists of only three lines. It is part of a set of apparently incorrectly rendered diagrams, involving
Propositions 33–36 and VII, 39–1. In each case, the copyist appears to have compressed pairs of double-lettered lines into
single lines and retained only the letters associated with the outer end-points. Thus, in the H
.
ajja¯j-related diagram of Adelard for
Proposition 36, A–B and H–T have been compressed into A–T. Similarly, G–D and K–L have been compressed into G–L, E–Z
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surprise in this book is the abandonment, in the H
.
ajja¯j transmission, of the use of double lettering to
designated diagram lines.29 The diagrams associated with al-T
.
u¯sı¯’s Propositions 13 (unascribed), 17,
26 (unascribed), and 27 show no differences from diagrams in the text of the Tah
.
rı¯r except in some of
the numerical values they carry. The alternative diagrams now become progressively more difficult to
interpret. For example, in the top margin of folio 40a there is a diagram clearly labeled “al-H
.
ajja¯j.” The
point of the diagram seems to be to connect letter labels from the diagram with specific numerical values.
But to which proposition does it refer? Its position on the page would suggest al-T
.
u¯sı¯’s Proposition 3.
But in that case, how should we account for the missing diagram elements (lost to manuscript damage,
perhaps?) and the introduction of additional elements not found in the original al-T
.
u¯sı¯ diagram?
Moreover, if this alternative diagram is intended to refer to Proposition 3, the arrangement of the diagram
is distinctly less transparent than that found in al-T
.
u¯sı¯’s diagram, where the continuously proportional
values are clearly grouped in order to indicate their relationship. The numerical values attached to the
alternative illustration also seem inconsistent with the mathematical content of Proposition 3. Nor am
I able to connect the diagram with other propositions on this folio. The diagram is tantalizing, but its
implications remain opaque.
In Book IX, only 4 of 11 alternative diagrams are explicitly attributed to al-H
.
ajja¯j. There was,
apparently, an attributed diagram associated with Proposition 11, but only the label “al-H
.
ajja¯j” remains.
The attributed diagrams attached to Propositions 18 and 20 are unusual in that two different numerical
values seem to be assigned to each diagram line.30 The remaining attributed diagrams accompany
Propositions 30 and 31. They are too incomplete, due to manuscript wear, to be of value in our study.
The unattributed diagrams, accompanying al-T
.
u¯sı¯’s Propositions 1, 4, 5, 6, 7, and 32(?) seem to indicate
no changes from diagrams present in the Tah
.
rı¯r. What intention might have lain behind their inclusion is
no longer evident.
Three propositions at the beginning of Book X also have alternative diagrams in the margin. The
diagrams attached to Propositions 1 and 8 are ascribed explicitly to al-H
.
ajja¯j. An unascribed and damaged
diagram is connected to Proposition 2. The diagrams seem to offer a different convention of labeling
from that found in the Tah
.
rı¯r. In the case of Proposition 1 (discussed in Section 5.4) and Proposition 2,
the alternative labeling corresponds to what we find in the Kita¯b al-Shifa¯, as well as in the Arabic–
Latin versions attributed to Hermann and to Adelard. The interpretation of the marginal diagram for
Proposition 8 must be made cautiously because of variant orderings of propositions within different
branches of the Ish
.
aq–Tha¯bit transmission tradition.31 The primary purpose of the diagram seems to be
the inclusion of numerical values that were not present in al-T
.
u¯sı¯’s Tah
.
rı¯r.
and M–N into E–N. Such compression occurs only in this small subset of proposition diagrams and only in this manuscript.
The reason for it remains obscure.
29 The rationale for this change is not clear.
30 The meaning of this peculiar feature is not clear to me.
31 Escurial 907 and St. Petersburg C 2145 have their proposition eight equivalent to Proposition 10 in the remainder of
Group A and Group B. Proposition 8 in al-T
.
u¯sı¯’s treatise corresponds to Proposition 10 in Escurial and St. Petersburg. See
Section 2.1.
140 G. De Young / Historia Mathematica 32 (2005) 129–179Plate 1. Yahuda 4848, folio 37b. Reproduced by permission of Manuscripts Division, Department of Rare Books and Special
Collections, Princeton University Library. The left (inner) margin has two diagrams. The upper has no labels and cannot
be interpreted. Below it is an unattributed alternative diagram for Proposition VII, 7. At the bottom margin, the diagram of
Proposition VII, 9 from the original text intrudes on the lower margin.
G. De Young / Historia Mathematica 32 (2005) 129–179 141Plate 2. Yahuda 4848, folio 38a. Reproduced by permission of Manuscripts Division, Department of Rare Books and Special
Collections, Princeton University Library. There is an unattributed diagram at the top margin of the folio. It accompanies
Proposition VII, 9. The outer (left) margin contains four diagrams attributed to al-H
.
ajja¯j which are alternative to VII, 11–14.
The diagram lines are very faint in the original microfilm and have virtually disappeared in the reproduction process. These
four diagrams illustrate the use of double-letter labeling in place of the single letter labeling found in the primary text, as well
as the introduction of numerical values different from those observed in the diagrams within the primary text. The diagrams
for Propositions VII, 12 and VII, 13 have been shifted to the top of the left margin of the folio, implying that the annotations
in the middle of the left margin (where these diagrams would typically have been placed) may have antedated the addition of
these diagrams.
142 G. De Young / Historia Mathematica 32 (2005) 129–179Plate 3. Yahuda 4848, folio 38b. Reproduced by permission of Manuscripts Division, Department of Rare Books and
Special Collections, Princeton University Library. There are four diagrams in the outer (right) margin accompanying
Propositions VII, 15–18. Each is given its proper alphanumeric label and is ascribed to al-H
.
ajja¯j. Again, many of the diagram
lines appear very faint.
G. De Young / Historia Mathematica 32 (2005) 129–179 143Plate 4. Yahuda 4848, folio 39a. Reproduced by permission of Manuscripts Division, Department of Rare Books and Special
Collections, Princeton University Library. The diagrams ascribed to al-H
.
ajja¯j in the lower left (outer) margin accompany
Propositions VII, 23–24. These diagrams illustrate the tendency to replace single-letter labeling with double-letter labeling
within Book VII. They also include the typical use of numerical values, many of which differ from values observed within the
primary text. Once again, most of the diagram lines are very faint and nearly invisible.
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.
ajja¯j diagrams from the margins of Yahuda 4848
In the examples that follow, I make no attempt (1) to recreate the diagrams as they actually exist
in the manuscript, including physical lengths of lines or segments, orientation of lines or segments on
the page, precise placement of letters and numerals, and/or any other idiosyncrasies of construction, or
(2) to create in my diagrams lengths of lines whose measure mirrors the mathematical content of the
specific propositions. That is, I do not attempt to reproduce in my diagrams a metric that will reflect
either the precise ratios or arithmetical relations demanded by the verbal text.32 My aim is only to show
the lines and their accompanying letter and numeral labels in such a way as to make clear the general
spatial relationships within the manuscript diagrams. The chosen examples do, I believe, constitute a
representative sampling of the H
.
ajja¯j diagrams and illustrate the characteristic differences which we have
described: altered construction and/or labeling, use of double lettering, and inclusion of numerals. For
simplicity of typing, I have converted Arabic letter labels to Roman using the fairly typical transliteration
scheme proposed by Kennedy [1991–1992]. For consistency, I have used upper case (capital) Roman
letters to refer to diagram elements, without regard to the practice in modern editions of the Latin
versions. Similarly, in comparisons between H
.
ajja¯j diagrams and those of al-T
.
u¯sı¯’s Tah
.
rı¯r found in
Yahuda 4848, whenever the diagram lines are oriented vertically, I have shown them oriented horizontally
both for consistency of construction and for ease of comparison.
5.1. Proposition V, 5
If a magnitude be the same multiple of a magnitude that a part subtracted is of a part subtracted, the remainder will also be the same
multiple of the remainder that the whole is of the whole. [Heath, 1956, II, 145]
The marginal diagram (Fig. 1), labeled “al-H
.
ajja¯j,” has been damaged. The bracketed letters indicate
material information now lost, apparently due to the tattered margins of the manuscript. The missing
data has been provisionally reconstructed from diagrams found in sources from the Arabic secondary
transmission that are linked to the H
.
ajja¯j tradition. The diagram in the Tah
.
rı¯r corresponds to the form
found in Ish
.
aq–Tha¯bit primary transmission manuscripts.
The Latin version of the Elements attributed to Gerard of Cremona contains two different
demonstrations for this proposition [Busard, 1984, col. 121–122]. The first, like much of the text of
Gerard, is clearly related to the Ish
.
aq–Tha¯bit transmission. Its diagram mirrors that in Yahuda 4848.
Gerard’s alternative demonstration, introduced by the phrase hoc preterea theorema aliter invenitur
hoc scilicet modo, contains a diagram corresponding to that in Arabic secondary transmission treatises
[D] G[Z] H
[B] E A
B AE T
D Z G
Fig. 1. Proposition V, 5 (fol. 28a). The margin diagram (left); the Tah
.
rı¯r diagram (right).
32 The Arabic scribes themselves make little effort to be true to this sort of information in their diagrams.
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4
D
8
Z
1
E
2
D
4
G
4
B
8
A
16
1
G
B
2
4
A
Fig. 2. Proposition V, 21. Artificially constructed diagram from numerical values recorded in the margin (fol. 29b) of Yahuda
4848 (left); the diagram and numerical values from the British Library, Add. 23387 (fol. 87a) manuscript of the Tah
.
rı¯r (right).
influenced by the H
.
ajja¯j tradition, such as the early commentary by al-Nayrı¯zı¯ [1899–1932, V, 41; Saı¯da¯n,
1991, 415], the epitome of the Elements in Ibn Sı¯na¯’s Kita¯b al-Shifa¯ [Ibn Sı¯na¯, 1977, 159], and the Is. la¯h.
by al-Abharı¯.33 In the Arabic–Latin transmission, the H
.
ajja¯j demonstration and diagram are found in the
versions attributed to Hermann of Carinthia [Busard, 1968, 100] and Adelard of Bath [Busard, 1983,
150].
5.2. Proposition V, 21
If there be three magnitudes, and others equal to them in multitude, which taken two and two together are in the same ratio, and the
proportion of them be perturbed, then, if ex aequali the first magnitude is greater than the third, the fourth will be greater than the
sixth; if equal, equal; and if less, less. [Heath, 1956, II, 178]
In the margin of Yahuda 4848, we do not find a true diagram at this point. I have artificially constructed
a diagram with lines to convey the information (Fig. 2). What we find in the margin is the first six abjad
letters typically used to designate magnitudes. The letters are identical to the labels in the diagram found
in al-T
.
u¯sı¯’s Tah
.
rı¯r, along with the label “al-H
.
ajja¯j.” Beneath each letter is a numerical value, with the
exception of the E, where the numeral appears above. From the orientation of the marginal note, it appears
that the annotator did not intend to include lines. Thus, the essential information it intends to convey is
33 Chester Beatty 3424, fol. 32a. The complexity of the Arabic primary transmission is illustrated in that one manuscript of
the Ish
.
aq–Tha¯bit primary transmission, Oxford, Thurston 11 (fol. 49b), contains a demonstration and diagram similar to the
H
.
ajja¯j-related alternative formulation of Gerard. This is only one of several places where Thurston 11 betrays influence from or
commingling with the Hajja¯j tradition.
.
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rı¯r diagram (right).
the numerical values. The diagram in the Yahuda 4848 Tah
.
rı¯r does not have legible numerical values
attached to it. What may be the remnants of numerals appear beside lines A and B, but they are not
recognizable in the microfilm. The values shown on the right in Fig. 2 are taken from the diagram found
in another copy of the Tah
.
rı¯r.34
It would appear that al-T
.
u¯sı¯, or the person who added the numerical values if they do not stem from al-
T
.
u¯sı¯ himself, saw no difficulty in reusing the same values for successive pairs of proportional magnitudes.
From the marginal note, however, it appears that the H
.
ajja¯j tradition preferred to use different values.35
Since al-T
.
u¯sı¯ typically seems to prefer the tradition deriving from Ish
.
aq by way of Tha¯bit’s editing,
and because the annotator identified the form of the diagram given in the margin with the H
.
ajja¯j tradition,
we might presume that the form of the numerical example found in Tah
.
rı¯r is typical of the Ish
.
aq–Tha¯bit
tradition. This would be an overhasty assumption, however. Only two of the surviving Ish
.
aq–Tha¯bit
primary transmission manuscripts include numerical values in the diagram of this proposition. Uppsala,
O. Vet. 20 (fol. 55b), uses A = 24, B = 8, G = 4, D = 12, E = 6, and Z = 2, so that 24:8 = 6:2 and
8:4 = 12:6. Oxford, Thurston 11 (fol. 54b) uses A = 6, B = 4, G = 2, D = 18, E = 9, Z = 6, so that
6:4 = 9:6 and 4:2 = 18:9. These values match neither al-T
.
u¯sı¯’s values nor those ascribed to the H
.
ajja¯j
tradition in the margin of Yahuda 4848. Differences in numerical features seem to show that there did not
exist a well-defined system of numerical examples for Euclid’s propositions. Once established, though,
diagram numerals seem often to be preserved unchanged in later copies (see Section 9).
5.3. Proposition VII, 3
Given three numbers not prime to one another to find their greatest common measure. [Heath, 1956, II, 300]
The most striking difference between the two forms of the diagram in Fig. 3 is their labeling. Double-
letter labeling is associated explicitly with the name of al-H
.
ajja¯j in the margin of Yahuda 4848. Single-
letter labeling is typical of the Ish
.
aq–Tha¯bit transmission and is the form adopted by al-T
.
u¯sı¯. The complex
34 The reconstruction of numerical values using other manuscripts of the Tah
.
rı¯r must be treated with considerable caution.
There is evidence that not all copies of the Tah
.
rı¯r contain identical numerical values in their diagrams. See Figs. 4 and 6.
35 If we specify the values for A, B, G to be equal to the corresponding values for D, E, Z, the proposition—or at least its
numerical equivalent—seems little more than a tautology. Why al-Tu¯sı¯ should have accepted such values is not known..
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intertwining of the Arabic primary transmission is evident, however, in that Group B manuscripts adopt
the double lettering convention in this and many other diagrams from Book VII. Within the Arabic
secondary transmission, the Kita¯b al-Shifa¯ [Ibn Sı¯na¯, 1977, 215] and the Is. la¯h. of al-Abharı¯,36 although
sometimes betraying influences from the H
.
ajja¯j tradition, adopt the single-letter diagram labels typical
of the Ish
.
aq–Tha¯bit tradition. Double-letter labels are found, however, in the Arabic–Latin versions of
Hermann [Busard, 1968, 24] and Adelard [Busard, 1983, 199].
5.4. Proposition X, 1
Two unequal magnitudes being set out, if from the greater there be subtracted a magnitude greater than its half, and from that which
is left a magnitude greater than its half, and if this process be repeated continually, there will be left some magnitude which will
be less than the lesser magnitude set out. [Heath, 1956, III, 11]. Two unequal magnitudes being set out, if from the greater there
be subtracted a magnitude greater than its half, and from that which is left a magnitude greater than its half, and if this process be
repeated continually, there will be left some magnitude which will be less than the lesser magnitude set out. [Heath, 1956, III, 11]
The diagram in the margin of Yahuda 4848 (Fig. 4) contains both letters and numerals. The
arrangement of diagram letters corresponds to that found, within the Arabic secondary transmission,
in the Kita¯b al-Shifa¯ [Ibn Sı¯na¯, 1977, 300] and, in the Arabic–Latin transmission, in the version ascribed
to Hermann of Carinthia [Busard, 1977, 77].37
The differences between the diagram in the al-T
.
u¯sı¯ Tah
.
rı¯r in Yahuda 4848 (Fig. 5) and the marginal
diagram (Fig. 4) are immediately apparent. Not only have the letter labels been rearranged, but the
numerical values in the Tah
.
rı¯r diagram differ from those associated, in the marginal diagram, with the
H
.
ajja¯j tradition. Moreover, there are additional letters and another line which were not present in the
margin. We find the Fig. 5 form of diagram in at least one other manuscript of al-T
.
u¯sı¯’s Tah
.
rı¯r.38 In
each manuscript, the numerical values are nearly illegible. From those that can be deciphered, it appears
that the same values were used. The marginal diagram attributed to al-H
.
ajja¯j is clearly less complex
than that of the Ish
.
aq–Tha¯bit tradition. Both the margin and the Tah
.
rı¯r diagrams are more complex than
the diagram in Heath’s translation. Are they derived from a deviant Greek tradition, or are they due to
editorial activity within the Arabic transmission? At the moment we do not have adequate evidence to
answer such questions.
36 Chester Beatty 3424, fol. 46b.
37 The editors of the published treatises do not indicate the presence of numerical values. Whether they are present in any
surviving manuscripts is not known to me.
38 Hyderabad, State Central Library, riya¯dı¯ 496, p. 317..
148 G. De Young / Historia Mathematica 32 (2005) 129–179Fig. 5. Proposition X, 1. The diagram from the Tah
.
rı¯r of al-T
.
u¯sı¯, Yahuda 4848, fol. 46a. Values which cannot be read have been
left blank.
Fig. 6. Proposition X, 1. Diagram from the Tah
.
rı¯r of al-T
.
u¯sı¯, British Library, Add. 23387, fol. 135a.
Fig. 7. Proposition X, 1. Diagram from the Tah
.
rı¯r of Muh
.
yi al-Dı¯n al-Maghribı¯, Oxford, Or. 448, fol. 78a.
The diagram in Fig. 5 differs, with respect to both arrangement of letter labels and attached numerical
values, from the diagram (Fig. 6) found in a very old copy of the Tah
.
rı¯r. The reason for such remarkable
discrepancies between two copies of the same work is not clear. Obviously, at some point in the historical
process the diagram and numerical values were altered, but when and why and by whom we do not know.
The diagram included in the Tah
.
rı¯r of Muh
.
yi al-Dı¯n al-Maghribı¯ (Fig. 7), a younger contemporary
of al-T
.
u¯sı¯, is formally similar to Fig. 6, but uses a variant pattern of lettering. This pattern of lettering
is found also in the nearly contemporaneous Is
.
la¯h
.
of al-Abharı¯.39 Al-Abharı¯, however, does not include
numerical values in his diagrams. In al-Maghribı¯’s diagram, the few numerical values which can be read
from the microfilm appear to mirror values ascribed to the H
.
ajja¯j tradition in our marginal diagram.40
39 Chester Beatty 3424, fol. 62b. This is only one of many occasions when the diagrams of al-Maghribı¯ and al-Abharı¯ adopt
identical lettering patterns, although verbally the two differ substantially. It is primarily through such similarities in diagram
structure that we can trace a line of influence connecting al-Abharı¯ and al-Maghribı¯.
40 This is not the only place in which it is possible to detect traces of influence from the H
.
ajja¯j tradition on the work of
al-Maghribı¯.
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answered at present. If nothing else, they serve to reenforce our impression of the complexity of the
Arabic and Latin transmissions.
6. Indirect evidence for a H
.
ajja¯j diagram tradition
If we are correct in our hypothesis that the alternative diagrams in Yahuda 4848 record information in
some way derived from or reflective of the H
.
ajja¯j transmission, we are then confronted with the question
whether the diagrams of al-H
.
ajja¯j differed from Ish
.
aq–Tha¯bit diagrams only in the cases recorded in
the margin of our manuscript. Although no other diagrams directly ascribed to al-H
.
ajja¯j are known
to exist, we can pick out a tradition of diagram construction which diverges from that found in the
Ish
.
aq–Tha¯bit transmission. Treatises containing such divergent diagrams also contain textual elements
that differ from the formulation in the Ish
.
aq–Tha¯bit transmission. Some of the verbal divergences are
explicitly referred to al-H
.
ajja¯j in one or another of our sources. In other cases, as outlined in Section 2.2,
I believe we may attribute verbal divergences to the H
.
ajja¯j tradition on the basis of indirect evidence.
In this section, then, I shall focus on divergent diagrams which, although not explicitly attributed to the
H
.
ajja¯j transmission, seem to preserve at least some features of that now-submerged geometrical tradition.
In doing so, I suggest that the H
.
ajja¯j transmission probably differed in diagram construction throughout
the first 10 books, not just in the few propositions indicated by explicit notes in the margin of Yahuda
4848. Why the annotator chose to include only these specific diagrams remains a mystery.
One of the simplest places to begin a search for possible H
.
ajja¯j diagrams is the approximately
45 places where the Arabic–Latin version of Gerard of Cremona notes the existence of alternative
formulations or demonstrations. Several are accompanied by alternative diagrams as well.41 When we
consider alternative formulations, whether in verbal or diagrammatic elements in relation to the Arabic–
Latin version attributed to Adelard of Bath, we find that in Books III and IV Gerard’s main text
follows the formulation of Adelard, while the alternative versions are consistent with the Ish
.
aq–Tha¯bit
transmission. The remaining propositions with alternative formulations reverse the relationship, so that
Gerard’s primary text and its diagrams follows Ish
.
aq–Tha¯bit while the alternative reflects the formulation
in Adelard’s version. Busard [1984, XIII] has correctly suggested, largely on the basis of a consideration
of structural elements, that the Adelard version was in some way influenced by the branch of the H
.
ajja¯j
Arabic transmission. From Book V onward, the alternative diagrams in Gerard’s Latin version bear a
close resemblance to diagrams found in Arabic treatises deriving from the H
.
ajja¯j tradition: the epitome
of Ibn Sı¯na¯, the commentary of al-Nayrı¯zı¯, the commentary of al-Kara¯bı¯sı¯, and parts of the primary
transmission manuscript St. Petersburg C 2145, to mention some of the most prominent examples.
Any study of the documents will turn up additional examples of divergent diagram construction
extending from Book I through Book X.42 Even the few examples discussed here show that divergences
in diagram construction (and, therefore, in at least some textual elements of the demonstrations) was far
41 Alternative diagrams appear in Propositions III, 32, 34, 35, 36; IV, 5, 15; 32; X, 24, 65, 66, 67.
42 The situation in Books XI–XIII requires additional study. Diagrams describing three dimensional objects are often complex
and not rendered accurately. Moreover, because conventions for rendering Greek letters into Arabic are not entirely consistent,
as shown by Kunitzsch [1991/1992], it is sometimes difficult to decide whether one faces a real variant or only an alternative
lettering convention.
150 G. De Young / Historia Mathematica 32 (2005) 129–179Fig. 8. Proposition X, 65. Diagram from the primary demonstration of the Gerard Arabic–Latin translation [Busard, 1984,
col. 290].
Fig. 9. Proposition X, 65. Diagram from the alternative demonstration of the Gerard Arabic–Latin translation [Busard, 1984,
col. 291].
from unusual in the transmission of the Arabic Euclid. Whether such textual variants are original with
the Arabic tradition or were already present in the Greek sources from which the translations were made
remains an open question.
6.1. Proposition X, 65–67 (Greek X, 68–70)
A straight line commensurable with a major straight line is itself also major. [Heath, 1956, III, 149]
A straight line commensurable with the side of a rational plus a medial area is itself also the side of a rational plus a medial area.
[Heath, 1956, III, 150]
A straight line commensurable with the side of the sum of two medial areas is the side of the sum of two medial areas. [Heath,
1956, III, 151]
In the version of Gerard, Proposition X, 65 and the succeeding two are each given an alternative
demonstration, and each is accompanied by an alternative diagram. The differences between diagrams of
the same proposition are striking, and so I begin the discussion with these diagrams.
The diagram accompanying the primary demonstration (Fig. 8) follows the pattern found in the Ish
.
aq–
Tha¯bit tradition. It corresponds to the form of the diagram given in Euclid [Heath, 1956, III, 149],
although the Greek lettering convention is, apparently, slightly different.
The diagram for Gerard’s alternative version (Fig. 9) is remarkably different. At first glance, one would
scarcely consider it to refer to the same proposition. That the alternative form of the diagram should be
associated with the H
.
ajja¯j tradition is made explicit in Escurial 907 (fol. 122b–123a). There we find,
for each of Propositions X, 65–67 [De Young, 1992, 659–660], an alternative demonstration explicitly
attributed to al-H
.
ajja¯j. The alternative demonstrations in Gerard’s version, including their diagrams, are
virtually identical to the alternative formulations in Escurial 907. These alternative demonstrations also
appear in the Tah
.
rı¯r of al-T
.
u¯sı¯ 43 and that of Pseudo-T
.
u¯sı¯ [1594, 282] as alternative demonstrations,
accompanied by the same style of diagrams. In neither case, though, is there an explicit mention of al-
H
.
ajja¯j as source for the alternative demonstrations. We find a comparable formulation and diagram in the
43 British Libary, Add. 23387, fol. 153b.
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.
aq–Tha¯bit diagram from Gerard of Cremona [Busard, 1984, col. 23].
Fig. 11. Proposition I, 30. H
.
ajja¯j diagram from the commentary of al-Nayrı¯zı¯ [1899–1932, I, 187].
Kita¯b al-Shifa¯ [Ibn Sı¯na¯, 1977, 346]. And, as we might well expect, the alternative form of the diagram
is given in the versions of Hermann of Carinthia [Busard, 1977, 117] and Adelard of Bath [Busard, 1983,
267]. In the latter three treatises, however, these demonstrations and diagrams are no longer alternative:
they are the only version present in the texts.
6.2. Proposition I, 30
Straight lines parallel to the same straight line are also parallel to one another. [Heath, 1956, I, 314]
Not every example of difference between the H
.
ajja¯j and Ish
.
aq diagram traditions is so remarkable as
the preceding, of course. Nor are such examples limited only to certain parts of the Elements. They occur
already in Book I, even when there is no alternative formulation in Gerard’s Arabic–Latin version to alert
us to their presence.
The Gerard diagram (Fig. 10), corresponds to that found in the Greek [Heath, 1956, I, 314], except
for the curious tendency of the Arabic–Latin translators to retain a right-to-left ordering for the diagram
letters.44
The version of the diagram found in the H
.
ajja¯j tradition (Fig. 11) is structurally identical, but differs
in the labeling of the incident line and its points of intersection with the given parallel lines.
The H
.
ajja¯j version of the diagram appears in the Arabic secondary transmission in the commentary
of al-Nayrı¯zı¯ [1899–1932, I, 187], Saı¯da¯n [1991, 144], and in the Kita¯b al-Shifa¯ [Ibn Sı¯na¯, 1977, 51].45
44 Such a pattern, while natural for Arabic, is quite unnatural for Latin and so the fact that it is so persistently preserved in
Latin is striking. Perhaps such ordering represents another example of the extreme literalness of the early translators to which
later medieval scholars, such as Roger Bacon, had objected so strongly [Knorr, 1990, 329].
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.
ajja¯j diagram from Adelard of Bath [Busard, 1983, 73], left; Ish
.
aq–Tha¯bit diagram from Gerard
[Busard, 1984, col. 41], right.
It also appears in the Arabic–Latin versions of Hermann [Busard, 1968, 28] and Adelard [Busard, 1983,
56].
Similar differences between the diagrams of Gerard and Hermann/Adelard may be seen in
Propositions 27, 28, 33, 34, 35, 36, 38, 40, 43, 44 of Book I. They can be multiplied many times
over through the remaining 12 books of the Elements. In such cases, where there is no dramatic verbal
difference in the formulation of the proposition between the two Arabic translation traditions, the diagram
provides a useful piece of evidence to help us identify the influence of the H
.
ajja¯j tradition on the Arabic
and, subsequently, the Arabic–Latin transmissions.
6.3. Proposition II, 3
If a straight line be cut at random, the rectangle contained by the whole and one of the segments is equal to the rectangle contained
by the segments and the square on the aforesaid segment. [Heath, 1956, I, 378]
This proposition presents another example of a diagram difference (Fig. 12) that is not related to an
alternative demonstration in the Latin version of Gerard. As in the previous example, the difference lies
in the labeling.
The H
.
ajja¯j form of the diagram appears in several manuscripts of the Arabic secondary transmission:
in a version of Book II,46 in the commentary of al-Nayrı¯zı¯ [1899–1932, II, 11], Saı¯da¯n [1991, 208], and
in the Kita¯b al-Shifa¯ [Ibn Sı¯na¯, 1977, 70]. It appears as well in the Arabic–Latin versions of Hermann
[Busard, 1968, 42] and Adelard [Busard, 1983, 73]. The diagram found in the version of Gerard [Busard,
1984, col. 41], representing the Ish
.
aq–Tha¯bit tradition, corresponds to the form of the Greek diagram,
except that it inverts the labeling pattern [Heath, 1956, I, 378]. Here, again, the diagram provides an
important indicator of the influence of the H
.
ajja¯j tradition even across cultural and linguistic boundaries.
6.4. Propositions X, 17 and 18 (Greek X, 29 and 30)
To find two rational straight lines commensurable in square only and such that the square on the greater is greater than the square on
the less by the square on a straight line commensurable in length with the greater. [Heath, 1956, III, 66] (Proposition 30 is the same,
except that the straight line must be incommensurable in length with the greater line.)
As a last example of indirect evidence for a bifurcation in diagram structure between H
.
ajja¯j and
Ish
.
aq traditions, we consider a cryptic note in the anonymous Hyderabad commentary referring to
Propositions X, 17 and 18. The note tells us that al-H
.
ajja¯j and Ish
.
aq differ, in these two propositions,
only in placement of the diagram letters [De Young, 2002–2003, 160]. Thus the diagram will be vitally
45 The diagram constructed by the editor or printer of Ibn Sı¯na¯’s epitome has mistakenly omitted the letter T, although the
letter is explicitly present in the text of the proposition.
46 Paris, Bibliothèque Nationale, Persan 169H, fol. 102b.
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important to our understanding of this reported difference between H
.
ajja¯j and Ish
.
aq–Tha¯bit traditions.
The commentator, however, following his typical procedure, does not include either the enunciation or
the diagram of the propositions. Fortunately, in the Arabic–Latin version of Gerard, we find included
alternative demonstrations for Propositions X, 24 and 25. These propositions of Gerard, corresponding to
Propositions X, 29 and 30 in the Greek edition, do differ in their lettering (Fig. 13).47 Our suspicion
that they might be the propositions to which the anonymous commentator refers is strengthened
by the discovery, in several Arabic primary and secondary transmission sources,48 that propositions
corresponding to 29 and 30 in the Greek appear as Propositions 17 and 18.
Gerard’s alternative diagram corresponds to the diagram found, within the Arabic secondary
transmission, in the Kita¯b al-Shifa¯ [Ibn Sı¯na¯, 1977, 313]. The diagram in primary transmission
manuscript St. Petersburg C 2145 is not labeled (as discussed in Section 4), but the text clearly requires
a diagram with labeling like that in Gerard’s alternative diagram. A comparable diagram also appear in
the Latin version of Hermann [Busard, 1977, 88].49 The labeling of the diagram in Gerard’s primary
demonstration reflects the Ish
.
aq–Tha¯bit primary transmission. Were it not for the brief note in the
Hyderabad commentary, however, we would have no explicit justification for attributing the labeling
of Gerard’s alternative diagram to the H
.
ajja¯j tradition.
7. Diagrams and apparent divergences within the H
.
ajja¯j tradition
Although the Latin versions of Hermann of Carinthia and Adelard of Bath often appear influenced by
the H
.
ajja¯j tradition, they exhibit a remarkable degree of divergence from one another. The most obvious
divergences lie on the level of diction. Lorch [1987], in a study of one proposition, gives a detailed
comparison of the Hermann and Adelard Arabic–Latin versions with that of Gerard and with important
versions of the Arabic primary transmission. His results show the extent of verbal differences between
the transmissions. In addition to the cumulation of minor differences, my own researches show more than
25 occasions before the end of Book X where there are substantial divergences, either in formulation of
the enunciation or, much more frequently, in diagram construction and labeling, between the versions of
Hermann and Adelard.
47 Neither of Gerard’s diagrams completely corresponds to the lettering conventions in the Greek as we know it from the
English translation [Heath, 1956, III, 67].
48 Escurial 907, fol. 101a, the commentary of al-Kara¯bı¯sı¯ [Brentjes, 2000, 72], as well as the Kita¯b al-Shifa¯ [Ibn Sı¯na¯, 1977,
313].
49 Both St. Petersburg C 2145 and the version of Hermann combine Euclid’s Propositions X, 29 and 30 into a single
proposition numbered X, 17.
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includes in his version, but which Adelard omits.50 I also note significant divergence of formulation at
Book III, Definition 11 and in the ordering of Definitions 14–20 in Book VII. The majority of substantial
variations, though, lie in the construction and labeling of diagrams. Such differences are, of course,
reflected in the text of the demonstration as well.
Since the Arabic bio–bibliographical tradition has handed down to us the report that al-H
.
ajja¯j created
two versions of his translation, the substantive variations might reflect differences between H
.
ajja¯j
versions as they were transmitted in the Arabic Euclidean tradition. Or they might reflect elements of
“contamination” from the Ish
.
aq transmission, since clearly some commingling of traditions has occurred.
Until we can more precisely delineate the Arabic traditions, though, we can do little to reduce such
speculations to the status of fact. The conclusion of Brentjes [2001] that Hermann’s Latin version does
not represent the Arabic primary transmission would seem to suggest that the version of the diagram
found in Adelard should be examined closely for possible relation to other forms of indirect evidence
for the influence of al-H
.
ajja¯j. No definitive answers can be proposed without further investigation of all
available sources.
In the following sections, I give two examples of divergence in the construction of diagrams between
Hermann and Adelard versions. In each case, comparison to the diagram in Gerard’s version, which
typically corresponds to that of the Ish
.
aq–Tha¯bit transmission, is included for comparison purposes.
Other examples of diagram divergence between Hermann and Adelard are found in Propositions I, 20,
21, 22, 33, 38, 44, 47; II, 5, 6, 7, 8; III, 10, 11, 20, 23, 36; IV, 4; V, 15; VI, 20; VII, 35; X, 73, 79. Whether
it is significant that the majority of examples occur prior to Book V, I am not able to judge.
7.1. Proposition I, 23
On a given straight line and at a point on it to construct a rectilineal angle equal to a given rectilineal angle. [Heath, 1956, I, 294]
The diagram in Fig. 14 is that of Adelard’s version. It does not differ in orientation from that found in
Gerard’s version (Fig. 15), but there are differences in the placement of specific letter labels. The Adelard
pattern of labeling can be seen within the Arabic secondary transmission in the commentary of al-Nayrı¯zı¯
[1899–1932, I, 101], Saı¯da¯n [1991, 125], and the Kita¯b al-Shifa¯ [Ibn Sı¯na¯, 1977, 45].51
The corresponding diagram in Hermann’s version (Fig. 16) has been rotated and, more importantly,
has had most of its letter labels rearranged.52 I have not found a comparable diagram in other Arabic
sources that I have consulted.
50 One Adelard manuscript, though, adds after Proposition III, 35: “Note that in certain books there are added three cases
similar to the previously described proposition for the purpose of demonstrating the converse” [Busard, 1983, 126].
51 The editor of the Kita¯b al-Shifa¯ has replaced the H with G. The two letters are easily confused by manuscript copyists
because of their similar orthography. Although I have not been able to consult the manuscript sources, I suspect that H is
the more appropriate reading, since it is most naturally paired with letter T, as in Fig. 14. Gerard’s version of the diagram
construction and labeling closely match what we find in the Greek tradition [Heath, 1956, I, 294]. It is also the form of the
diagram in manuscripts of the Ish
.
aq–Tha¯bit transmission.
52 The proposition is number 22 in Hermann’s version because the editor has not provided Proposition I, 12 with an
independent number. Presumably this omission indicates that whoever introduced proposition numbers into the sole surviving
manuscript did not give it a number.
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Fig. 15. Proposition I, 23. Diagram from Gerard of Cremona’s Arabic–Latin version [Busard, 1984, col. 18].
Fig. 16. Proposition VII, 4. Diagram from the Arabic–Latin version attributed to Hermann of Carinthia [Busard, 1968, 24].
7.2. Proposition VII, 4
Any number is either a part or parts of any number, the less of the greater. [Heath, 1956, II, 303]
This proposition provides another example of the diagrammatic bifurcation between the Hermann and
Adelard Arabic–Latin versions. Moreover, each differs from the version of Gerard in important ways.
And, in this example, each form of the diagram seems to be related to a different family of the Arabic
primary transmission manuscripts.
As was the case in the previous example, the basic form of the H
.
ajja¯j diagram in the version of Adelard
(Fig. 17) is not changed from that found in Greek. The alteration comes only in the conventions used to
label the diagram.
The most significant characteristic seen here is the use of double-letter labeling, which we saw earlier
(Section 5.3) is often typical of treatises associated with the H
.
ajja¯j tradition. This form of diagram
labeling is used in the Copenhagen family of Group A manuscripts53 as well as in Group B manuscripts.54
53 Copenhagen, Mehren LXXXI, fol. 39a and Istanbul, Fatih 3439, fol. 13b.
54 Uppsala, O. Vet. 20, fol. 72a; Cambridge, add 1075, fol. 78a; Oxford, Thurston 11, fol. 73a and Huntington 435, fol. 67a.
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Fig. 18. Proposition VII, 4. Diagram from the Arabic–Latin version of Hermann of Carinthia [Busard, 1977, p. 25].
Fig. 19. Proposition VII, 4. Diagram from manuscripts of the Chester Beatty and Tehran manuscripts of the A-2 family of the
Arabic primary transmission.
The H
.
ajja¯j style of labeling is also found in Tehran, Malik 3586 (not foliated), and the St. Petersburg
manuscript.55 In the Arabic secondary transmission, identical labeling appears both in the Tah
.
rı¯r of al-
T
.
u¯sı¯ 56 and in the Kita¯b al-Shifa¯ [Ibn Sı¯na¯, 1977, 216]. The fact that this labeling pattern occurs so
frequently, in Ish
.
aq–Tha¯bit manuscripts as well as in those from the Hajja¯j tradition, may be an indication
of the ever-present commingling of the two traditions in the surviving manuscripts of the Arabic primary
transmission.
The form of the diagram in Hermann’s Latin version (Fig. 18) is substantially different, although its
use of double lettering continues to suggest a tie to the H
.
ajja¯j tradition.
The Hermann form of the diagram is reminiscent of that used in the Chester Beatty (A-2) family57 of
manuscripts, but the relationship cannot be direct. The diagrams in the Chester Beatty family (Fig. 19)
are unusual in that they use both single- and double-letter labeling within the same diagram. As yet,
I have no explanation to advance for the unusual structure of the diagram.
55 Akad. Nauk, C 2145, fol. 219b.
56 British Library, Add. 23387, fol. 109a.
57 Chester Beatty 3035, fol. 43b and Tehran, Majlis Shu¯ra¯ 200, fol. 86a. Rampur, Arshı¯ 3656, fol. 68b, diverges from the
others. Its diagram is a hybrid between that of Gerard and that of Adelard. The divided line is labeled according to the pattern
of Adelard, but the two single-valued lines are labeled A and B, respectively.
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Again, I give the diagram from the Latin version of Gerard (Fig. 20) for reference purposes. It is
identical to the diagram found in the Greek [Heath, 1956, II, 303], except for the odd retention of
the right-to-left labeling convention from the Arabic (see Section 5.3), which we have already noted.
The same style of diagram is found in the Andalusian family of Ish
.
aq–Tha¯bit manuscripts,58 with one
exception: Gerard has replaced the Arabic E with a D.
8. The Syriac and Armenian fragments
Some have speculated that the initial Arabic versions of Euclid may have been made by way of Syriac
intermediaries, as Bergsträsser [1925] describes in the case of the Galenic corpus. Busard has studied
readings preserved in a small Syriac fragment from Book I and finds them in accord with those in the
version of Adelard [Busard, 1983, 18–19].59 His findings are consistent with the conclusion [Furlani,
1924, 230–233] that the Syriac text is related to the H
.
ajja¯j transmission.60 Since, as has already been
suggested, the Adelard version may be tentatively placed within the broader tradition of al-H
.
ajja¯j,
Busard’s findings might indicate that the variations from Gerard were already present in the text from
which al-H
.
ajja¯j translated. On the other hand, the Syriac fragment is generally dated to about the 16th
century A.D., so its relation to the beginnings of the Arabic translation tradition is problematic at best.
I have examined the diagrams of Furlani’s edition, comparing them with diagrams from the Arabic
transmission, looking for places where divergent diagrams might give an opportunity to test the Furlani–
Busard hypothesis. The only diagrams where I can discern a substantive difference that might indicate a
bifurcation between H
.
ajja¯j and Ish
.
aq–Tha¯bit transmissions belong to Propositions I, 38 and 39. In each
proposition, the diagram produced by Furlani mirrors the form found in the version of Adelard and
thus seems to be related to the H
.
ajja¯j tradition. The result is suggestive but, since Furlani, as editor and
translator, says nothing about the diagrams in the original manuscript nor how diagrams produced in his
edition and translation are related to diagrams in the Syriac manuscript, we should be cautious in our
interpretation.
58 Escurial 907, fol. 69b; Rabat 1101, p. 105.
59 Busard’s arguments are structural and conceptual, rather than philological, so it would appear that he is relying more on the
German translation than on the Syriac text.
60 Furlani’s interpretation has been challenged in Baudoux [1935]. I have been unable to obtain a copy of this article.
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Fig. 22. Proposition I, 38. Diagram from the Arabic–Latin version of Gerard of Cremona [Busard, 1984, col. 29].
Fig. 23. Proposition I, 38. Diagram from the Arabic–Latin version of Hermann of Carinthia [Busard, 1968, 32].
Let us consider the diagram of Proposition I, 38 as an illustrative example.61 The diagram in Furlani’s
edition (Fig. 21) is identical to the diagram found in the Arabic commentary ascribed to al-Nayrı¯zı¯ [1899–
1932, 155], Saı¯da¯n [1991, 153], and in the Arabic–Latin version of Adelard [Busard, 1983, 51].
The diagram found in Gerard’s Arabic–Latin version (Fig. 22) is not very dissimilar, although the letter
labels have undergone some rearranging. This form of the diagram is found in the Ish
.
aq–Tha¯bit primary
transmission. It is also found in the Tah
.
rı¯r of al-T
.
u¯sı¯ 62 and in Pseudo-T
.
u¯sı¯ [1594, 28] and the Is
.
la¯h
.
of
al-Abharı¯.63 An identical diagram also appears in the Tah
.
rı¯r of al-Maghribı¯, although the labels H, T are
replaced by T, K, respectively.64
Hermann, once again, has a significantly different diagram (Fig. 23). This proposition provides
another example (see Section 7) in which Adelard and Hermann Arabic–Latin transmission versions,
although each appears related to the H
.
ajja¯j transmission, differ significantly from one another in diagram
construction.
The complexity of the Arabic transmission is illustrated clearly in the various forms of the diagram for
this proposition. Neither Furlani nor Busard, however, discusses the divergence of diagram construction
within the broader H
.
ajja¯j tradition, nor do they discuss differences between diagrams of H
.
ajja¯j and Ish
.
aq–
Tha¯bit Arabic transmissions. Neither, apparently, has edited the diagrams that appear in their printed
editions.65 Like Heiberg and other editors, they have apparently published reconstructions of the diagrams
based on what they understand to be the mathematical sense of the propositions [Brentjes, 2001, 44].
61 I have converted Syriac letter labels into English letters, following conventions similar to those used for Arabic letters in
earlier sections.
62 Yahuda 4848, fol. 11b.
63 Chester Beatty 3424, fol. 13b.
64 Oxford, Or. 448, fol. 11a.
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exemplary discussion of diagrams found in an early Armenian fragment by Leroy [1936]. The fragment
consists of only two folios, containing the last four definitions, the five postulates, and nine common
notions, along with the first three propositions of Book I. Leroy has, in his editing of the text, altered the
diagrams for the first two propositions in order to correct errors in the manuscript illustrations.66 He has,
however, included not only a reproduction of the folio in question, but has also reported in his notes the
changes and their rationale [Leroy, 1936, 861]. His approach serves as a useful model for those of us who
edit and translate manuscript materials.
9. Numerical examples and numerical values in Euclidean diagrams
Numerical examples were not, so far as we can determine, part of the original Euclidean program. That
is, even when Euclid discusses numbers, as in Books VII–IX, he does not use actual numbers to illustrate
the principles being demonstrated. None of the later Greek commentators on the Elements appear to
have done so, either. At least, no numerical examples appear either in quotations from Euclid made by
later Greek mathematicians or in Greek discussions of mathematics. Nor does Heath [1956, I, 46–53],
following Heiberg’s edition of the Greek text, mention the existence of numerical examples in any of the
Greek manuscripts. Similarly, there are almost no instances of the use of numerical examples associated
with either the primary or secondary transmission in the Arabic branch of the Euclidean tradition.
The only exceptions to this generalization of which I am aware occur in the commentary of al-
Nayrı¯zı¯ and the already-mentioned anonymous Hyderabad commentary on the Elements. In the latter
commentary, the discussion of many propositions ends with “wa-mitha¯luhu min al-adad” (and its
example in numbers is . . . ). Since the commentator does not ascribe the numerical examples to another
mathematician (although he quotes extensively and explicitly from several) we may presume that they
are his own creation. A similar formulation is used in al-Nayrı¯zı¯’s commentary in Propositions II, 1–5
and in VI, 26, 28, 29. These examples, too, are not attributed to anyone else and so probably represent the
commentator himself. It is curious that the two commentaries do not use identical numerical examples,
although the Hyderabad commentator repeatedly quotes comments of al-Nayrı¯zı¯.
Klamroth [1881, 310], in his pioneering study of the Arabic Euclidean translations, concluded that
use of numerical examples was a distinctive feature of the H
.
ajja¯j tradition. Examples occur frequently,
he claimed, in the arithmetical books, in discussions of proportion, in applications of the Pythagorean
Theorem (Proposition I, 47 in Heiberg’s numbering). The ground for his sweeping generalization is not
clear. The commentary of al-Nayrı¯zı¯, long assumed to be our only source of direct knowledge about
the H
.
ajja¯j tradition, is incomplete and does not include the arithmetical books. Apparently, Klamroth’s
65 Busard does usually provide basic information on the state of diagrams within his manuscripts. For example, he informs us
that diagrams in the Latin text which he tentatively attributes to Hermann of Carinthia and which is extant in a unique manuscript
(Paris, Bibliothèque Nationale, fonds Latin 16646), lack letter labels [Busard, 1968, 3]. He does not explain, however, how he,
as editor, assigned the letter labels that appear in the diagrams in his edition of the text.
66 Striking as the error in the second illustration appears, it is not possible to determine (1) whether it reflects an error in
the original (whether Greek, Syriac, or Arabic is not yet known) from which the Armenian was translated or (2) whether it
results from the carelessness or incompetence of the translator or copyist. I have not found a similar error in diagrams within
manuscripts from either the primary or secondary Arabic transmissions that I have been able to consult.
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Elements, Munich MS 36, which refer to numerical examples in one of the H
.
ajja¯j versions.67 Another
possible source for his judgment might be the presence of many numerical values inserted into the
diagrams of Oxford, Thurston 11, both in Book V and in Books VII–IX.68
Half (eight) of the Ish
.
aq–Tha¯bit primary transmission manuscripts that I have examined contain
diagram numerals to one degree or another.69 Manuscripts Escurial 907; Rabat 1101; Rabat 53; Istanbul,
Fatih 3439; St. Petersburg C 2145 and Cambridge, Add. 1075 contain no diagram numerals. Two others,
Paris, Persan 169H70 and Otego Museum, De Beer 8, are quite limited fragments of the text which
contain no diagram numerals, but which might have included them if either had extended beyond
Book IV. Four manuscripts contain only a few diagram numerals: Rampur, Arshı¯ 3656 (VII, 3 and
VIII, 11); Copenhagen, Mehren LXXXI (V, 3–6, 8; VI, 14, 16; IX, 21–24, 26); Tehran, Malik 3586
(VI, 15–17; VII, 14, 17; VIII, 15, 19); Oxford, Huntington 435 (II, 10; VIII, 14; IX, 17, 19; X, 3). Thus
only four primary transmission manuscripts may be said to employ diagram numerals extensively. They
are: Chester Beatty 3035; Tehran, Majlis Shu¯ra¯ 200; Uppsala, O. Vet. 20; and Oxford, Thurston 11.
Where diagram numerals are present, they tend frequently to be localized in Books VII–IX, the so-called
arithmetical books of the Elements. Since Euclid’s topic here is discontinuous magnitudes (integers and
numerical ratios), the presence of diagram numerals is scarcely surprising. The Uppsala and Thurston 11
manuscripts also contain a considerable number of diagram numerals in Book V (ratio and proportional
magnitudes). And there are scattered examples found in Books II, VI, and X in all four manuscripts most
heavily endowed with diagram numerals. These scattered examples do not occur in the same propositions
in each manuscript, though, making questions of influence or genetic relations almost impossible to
investigate directly.
When such numerals are placed in diagrams, we cannot be certain whether they were
(1) present in the exemplar being copied,
(2) introduced by the manuscript copyist himself, or
(3) added by a later reader.
Most primary translation manuscripts that contain diagram numerals do not contain extensive annotations
or marginalia (usually only minor corrections in the hand of the copyist) that might indicate a user other
than the copyist to whom these numerals might be referred. There is no apparent pattern of consistency
among the examples of inserted numerals that I have been able to discover except that, in general, the
67 Klamroth’s reference to this Hebrew translation manuscript serves to remind us that the Hebrew tradition of Euclidean
studies has much useful information for the study of the Arabic transmission. For an introduction to the Hebrew Euclid tradition
and its importance for understanding the Arabic, see Lévy [1997a].
68 This is Klamroth’s manuscript O. The other manuscript (K) that he examined, Copenhagen, Mehren LXXXI, contains
some numerical values in diagrams of Book V, but only a very few more at the end of Book IX. The evidence from the latter
manuscript would, in itself, scarcely have justified such a sweeping claim.
69 By diagram numerals, I mean Arabic numerals placed in the diagram of a proposition, ostensibly for the sake of illustrating
the validity of the arithmetical principle being demonstrated.
70 Persan 169H, fol. 102b–105b, contains only a version of Book II. The enunciations and diagrams are consistent with what
we know, from other sources, about the H
.
ajja¯j transmission. Brentjes [1993, 47], based on philological studies of the texts,
concludes that the manuscript does not transmit a pure Hajja¯j version, but has suffered some contamination.
.
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or annotators would opt to do likewise.
We also find examples of numerals introduced into diagrams within the secondary Euclidean literature
in Arabic. Here there is a much wider body of extant material, and I cannot claim to have inspected more
than a tiny fraction of it. I have already mentioned (Section 5.4) the existence of diagram numerals in
the Tah
.
rı¯r of al-Maghribı¯. The Tah
.
rı¯r of the Elements by al-T
.
u¯sı¯ is frequently adorned with diagram
numerals, if my limited experience is a valid guide.71 The three manuscripts consulted for this study,
although produced at different times and in different places, agree closely in most of the numerals
attached to their diagrams.72 Diagram numerals appear to have entered the Tah
.
rı¯r of al-T
.
u¯sı¯ very early,
since they are present already in British Library, Add. 23387, which was copied during the lifetime of
the author himself, and they seem to remain little changed after that time. Apparently, diagram numerals,
whatever their origin, soon came to be regarded as integral to the text being copied. The second feature
to note is that al-T
.
u¯sı¯’s diagram numerals do not repeat, with any degree of consistency, values that we
find in Arabic primary transmission manuscripts. Often, when the same numbers are used, they are given
in a reverse order by al-T
.
u¯sı¯. That is, when an example of continuously proportional numbers is given
in the Arabic primary transmission, the values are usually in ascending order (4–6–9, or 8–12–18–27);
al-T
.
u¯sı¯ may use the same values, but typically in descending order.
Another example of long-term constancy in the use of diagram numerals within the Euclidean tradition
comes from Pseudo-T
.
u¯sı¯. For this study, I have consulted the edition printed in Rome in 1594.73 This
printed text frequently contains diagram numerals. Since the printed version was based on Florence,
Bibliothèque Laurenziana, Orientali 50 [Cassinet, 1993, 6], it is very likely that numerals also occur
in this manuscript (which I have not been able to inspect). I have also consulted Tehran, Sipahsalar
540,74 which resembles the printed copy closely in (1) style of diagram construction and (2) its diagram
numerals.
Based on consideration of these two Arabic secondary transmission treatises, the evidence suggests
that once a particular set of diagram numerals became established, it was not quickly altered or abandoned
by later copyists. And it also appears that there existed multiple traditions of such numerals, as noted
already in Section 5.2, since al-T
.
u¯sı¯ and Pseudo-T
.
u¯sı¯ [1594] do not usually employ the same sets
of numerals in their diagrams. Whether any of the traditions of diagram numerals are interrelated, or
whether some have died out with the passage of time, or, on the other hand, several traditions have
coalesced into one, are questions that cannot yet be answered. If, as the marginal diagrams in Yahuda
4848 seem to indicate, the presence of diagram numerals is somehow derived from the work of al-H
.
ajja¯j,
such numerals must have entered the Arabic Euclidean tradition almost at its inception. Nevertheless,
Klamroth’s conjecture/conclusion that numerical examples were to be found everywhere within the
71 I have consulted British Library, Add. 23387 [dated 656 H.]; Princeton, Yahuda 4848 [dated 736 H.] and Hyderabad, State
Central Library, riya¯d
.
ı¯ 496 [dated 1003 H.] for this study. There are, of course, scores of additional manuscript copies of the
treatise scattered everywhere in the world.
72 But see Section 5.4 for notice of at least one exception.
73 This treatise has recently been reprinted in a facsimile edition (Frankfurt: Institut für Geschichte der Arabisch–Islamischen
Wissenschaften, 1997). I have based my work on a microfilm of the earlier printed copy from Tehran, Kita¯bha¯na-i Millı¯-i Malik,
6264.
74 I thank Professor Mohammed Bagheri for showing me a copy of this manuscript.
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.
ajja¯j tradition, when evaluated in the light of more extensive data now available, does not seem well
supported by the evidence.
10. A concluding summary and a look to the future
In themselves, the H
.
ajja¯j diagrams in Yahuda 4848 prove somewhat disappointing. While they provide
us with a bit of insight into the general character of the H
.
ajja¯j tradition, they do not bring our search for
the pristine forms of that tradition closer to their historical origins. Instead, they raise more questions
than they help to answer.
In part, this limitation probably stems from their status as marginal annotations. Thus our study must
contend, on the most superficial level, with the worn condition of the manuscript. Moreover, textual
annotations of any sort are most frequently created for the benefit of the annotator himself. They tend to
be short, cryptic, and sometimes inscrutable because they were not intended for public consumption or
public discourse. They are rather like an incomplete fossil record from which we attempt to reconstruct
an organism and its relations to its environment. Thus our attempts to interpret such annotations involve
something akin to reading the mind of the annotator and attempting, from that exercise, to reconstruct
the milieu of his mathematical community. Such reconstructions are even more difficult to make when
we are studying materials from another cultural and historical context, since the modes of discourse used
may, and probably do, differ from our own. In this process, we must be very cautious about imputing
intentions or understandings based on our own cultural context to authors who may have been looking at
knowledge and its recording in very different ways from those we habitually use. What seems important
or interesting to us today may have seemed far less so to an earlier generation of scholars. As Hall [1996]
has shown, nearly all technical and scientific diagrams are imbued with assumptions and communication
conventions that are culture-specific.75
75 For example, attempts to transfer European treatises on mechanical devices into Chinese in the late 16th century produced
illustrations that were nearly unintelligible when compared to the original European diagrams [Hall, 1996, 23–25]. It would
be fascinating to see what happened with Euclidean diagrams as the text of Euclid was transmitted to China. To date, I know
of no study to tackle that question. Engelfriet [1998] would seem the logical place to search, but a quick scan of the table
of contents and index give no hint of a relevant discussion. In a more recent study, Engelfriet and Siu [2001, 296] implies,
without a direct discussion of diagrams themselves, that diagrams very similar to our traditions of geometrical diagrams were
already in use in China prior to the introduction of Euclid in the 17th century. Presumably, then, Euclidean diagrams might have
caused little confusion to Chinese scholars. But even though they may have been familiar with the form of Euclidean diagrams,
the inherent meanings may have been different. In this regard, the comments by Jiao Xun, in his Jiajian chengchu shi, are
tantalizing:
It is only with the [method] of gougu (right triangles) that one is able to demonstrate [the theory of] the circle. Similarly, it is only
with the [method of] bienao (a pyramid with a square base and the top above a corner of the base) that one is able to demonstrate [the
theory of] the sphere. . . .
The Western Jihe yuanben of Euclid is good at explaining geometric figures. Mei Wending thereupon explained them in terms of
[Chinese] gougu principles. No scholar should base discussion of geometric figures upon anything but gougu. Similarly, no scholar
should base the [principles of] numbers upon anything but [the principles of] addition, subtraction, multiplication, and division. What
scholars know about geometric figures is due entirely to knowledge of numbers. On the other hand, they make use of knowledge of
numbers by reference to geometric figures. If one is completely familiar with the principles of addition, subtraction, multiplication,
and division, only then is it possible to understand how refined and excellent [Euclid’s] theory of plane and solid geometry is. [Horng,
Wann-Sheng, 2001, 394]
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used. Without knowing more about the sources from which he took his graphic information and the
specific conventions that might have governed its use, we are left with little possibility for pushing
back the frontiers of our historical knowledge. Since we can only dimly see the medieval tradition
of Euclidean diagrams through the eyes of an unknown annotator, we are often left to wonder why
he selected these particular diagrams, from an apparently larger body of possible H
.
ajja¯j diagrams (see
Section 6), to add to the margins of Yahuda 4848. The history of diagrams within the Arabic Euclidean
transmission itself retains many mysteries. Among the most important is that we are not yet able to
explain the obvious differences in diagram construction within a specific tradition that appears to be
descended in some fashion from al-H
.
ajja¯j (see Section 7). There are also important inconsistencies
between diagrams of some copies of the Tah
.
rı¯r of al-T
.
u¯sı¯ (see Section 5.4) that demand further
study.
The differences between the two Arabic traditions of Euclidean diagram construction seem to lie
primarily in structural relations among diagram elements. When and by whom were such structural
differences incorporated into the mathematical tradition? How were the structural differences perceived
within the mathematical community? What, in other words, was the view of the relation between text and
diagram?76 Was the relation static over time? Which has more authority, diagram or text? There are many
questions that remain to be answered. It is, thus, already obvious that much further research is needed
before we can say that we have an adequate understanding of diagrams and their role in the intellectual
life of the mathematical disciplines in different historical contexts. The use of diagrams in mathematical
discourse may well be one of the oldest conscious uses of diagrams as communication tools within the
Western intellectual tradition. Despite this long tradition of usage, though, surprisingly little attention has
been focused on them.
I conclude by suggesting that the rapidly growing field of diagram research may offer new tools
for looking at old problems and so enable us to develop our historical understanding. Blackwell and
Engelhardt [2001] have explained how diagrams may be studied in terms of their components, the
structural relations of these components, the possible meanings contained within the diagrams, and the
use of diagrams within discourse. How the varied approaches may be applied to the study of mathematical
diagrams and their history has yet to be studied thoroughly. Recent historical reflections of Netz [1999]
have focused on cognitive aspects of mathematical diagrams in establishing mathematical deduction in
the ancient Greek world. The present paper, on the other hand, has focused on the constituent components
from which geometrical diagrams are constructed and the structural relations of these components
within diagrams as they interact with the social context. Both studies show that there is still something
that historians can learn from diagrams. What other historical meanings may lie hidden within the
mathematical diagram remains to be discovered.
76 In the ancient Greek philosophical tradition, it appears that the term “diagramma” may designate either a geometrical figure
or the proof of a geometrical proposition [Fowler, 1990, 33]. A parallel terminological ambiguity exists in the Arabic tradition,
centering around use of the term “shakl.”
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Appendix A. Diagrams in Arabic Euclidean manuscripts—observations on construction and
placement
Within the Arabic Euclidean tradition, I know of no discussions of the role of diagrams in relation to
text.77 Nor have I found, in the Arabic Euclidean tradition, an explicit discussion of techniques of diagram
construction. The following remarks are based on my personal observations of a variety of manuscripts
over the years. Some manuscripts I have viewed directly, but more often I have been limited to microfilm
provided by several libraries. Needless to say, this limitation is vitally important. Consequently, my
observations can only be provisional and limited. I hope they will stimulate other historians to study or
restudy mathematical diagrams, their construction, and their use in mathematical discourse and pedagogy.
All known primary and most secondary transmission manuscripts in the Arabic Euclidean tradition
include diagrams for each proposition of the text.78 Where a diagram is not present, there is almost
always a space left for it.79 It appears that text diagrams were usually rendered either concurrently with
the copying or after the written text was complete. If the latter, they may have been rendered either by
the copyist himself or by another scribe, although the letters used to label the diagram usually appear to
be in the same hand as the text.
We have virtually no written information concerning techniques used to construct geometrical
diagrams. We can observe, though, that diagrams found in most manuscripts appear too precisely drawn
to be mere free-hand sketches. One is led to postulate techniques involving a straightedge and compass.80
Use of instruments, such as a drafting compass, might be expected to leave physically detectable traces
in actual manuscripts. Such traces will be nearly impossible to detect using microfilms, as many of us are
77 The topic would be of interest in light of the recent discussion of the importance of diagrams in the Greek mathematical
tradition in Netz [1999].
78 One contrary example from the Arabic secondary transmission is the anonymous Hyderabad commentary. The
commentator provides diagrams only for alternative demonstrations, additions to the text, or interpolations by various
discussants. He apparently presumes a familiarity with both text and diagram, since neither is reproduced in the commentary.
79 For example, although Rampur, Arshı¯ 3656 is missing several diagrams, primarily in Book X, spaces have generally been
left for them. See Appendix D for more details.
80 The museum of the Institut für Geschichte der Arabisch–Islamischen Wissenschaften contains examples of typical medieval
drawing instruments. An illustrated catalog has been published. See Sezgin and Neubauer [2003, vol. 3, Section 5, Geometrie]
for drawing and drafting instruments. I am indebted to Professor Mohammed Abattouy and Dr. Benno van Dalen for drawing
my attention to this resource.
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is the observation that, in propositions demanding a generalized parallelogram, the diagram is almost
always drawn with right angles. Using a straightedge would, presumably, be one of the easiest ways to
construct the two vertical sides parallel to one another. I have not seen direct evidence to suggest use of
instruments comparable to a modern draftsman’s T-square and triangles.82
Some treatises on specialized drawing instruments, such as descriptions of the “birka¯r” compass by
Ibn al-Haytham [Rahman et al., 1982, 388] and by Farı¯d al-Dı¯n Kha¯n Baha¯dur [Rahman et al., 1982,
393] are extant.83 These and similar treatises have rarely been subjected to scholarly study, however.84
Other possible sources of information relevant to construction of diagrams might be treatises on the
manufacture of astrolabes, quadrants, and other precision observational instruments,85 manuals for
copyists (if such treatises exist),86 or treatises on artistic techniques, especially relating to the drafting of
abstract decorative motifs.87
Those who grew up reading Heath’s English translation of the Elements are accustomed to find
the illustration following the enunciation, since that is Heath’s preferred placement. In the medieval
Arabic manuscripts, however, the diagrams are typically placed at the end of the proposition, following
the demonstration and sometimes even following the concluding restatement of what has been
demonstrated (the sumperasma of Proclus). This placement seems to mirror the practice of medieval
81 From the microfilm, the diagrams of Paris, Persan 169H, for example, appear to be very carefully and precisely constructed.
Its folios, I am informed, show clear evidence of pricking from use of a geometrical compass. (I thank Carol Bier for this
information.) Although the microfilm provided by the Bibliothèque nationale does not reveal this pricking, it does show, in
diagrams of II, 4 and II, 9 (fol. 103a and 103b), double overlapping arcs to indicate the gnomon, distinct evidence of going back
and forth with a compass in order to perform the construction.
82 The draughtsman’s square, compass, and measuring rod have been known at least since late antiquity. For a discussion of
these instruments, see Dickinson [1949/1950], for example. They were used for a variety of purposes by architects, as indicated
by medieval Latin illustrations [Wu, 1998/1999, 8; Shelby, 1965]. To the best of my knowledge, the square is not shown in use
during construction of diagrams or architectural plans, however. Thus, it does not appear likely to have been used by copyists
to produce mathematical diagrams.
83 One use of the “birka¯r” compass is in construction of regular polygons. This has been described in Abd al-Rah. man al-S. u¯fı¯’s
treatise “Risa¯la fı¯ amal al-ashka¯l al-mutasa¯wiyat al-ad. la¯ kullaha¯ bi-fath. al-wa¯h. ida” (Treatise on the Construction of Regular
Polygons by [compass of] Fixed Openings). See Mirabolghassem and Bagheri [2003].
84 One exception is the study of the “perfect” compass in Woepcke [1874], but it is not particularly relevant to producing
diagrams in manuscripts of the Euclidean tradition.
85 The recent work of Charette [2003], for example, although it discusses a wide variety of precision instruments (astrolabes,
quadrants, sundials, and similar instruments, provides little information concerning the physical construction of these
instruments.
86 al-Hassan and Hill [1986, 170] have reported that “there are several Arabic technological manuscripts which are rich in
details connected with the production of inks, pigments, and glue, as well as with paper-making, bookbinding and other related
subjects. One such is Umdat al-Kuttab. . . . (The Handbook of Scribes and the Tools of the Wise) by al-Muizz Ibn Badis (c. 416
AH/AD 1025).” The reference here is to Umdat al-Kutta¯b wa-Uddat dhawı¯ al-alba¯b by al-Muizz ibn Ba¯dı¯s (1007–1061), one
of several works discussed in Levey [1962, 6]. Whether these sources might provide useful information for our attempts to
understand the construction process for mathematical diagrams is not known.
87 In the anonymous Persian treatise, Fı¯ tada¯khul al-ashka¯l al-mutasha¯biha aw al-mutawa¯fiqa (“Concerning Interlocking
Similar or Congruent Figures,” which Özdural cites in shortened form as “Interlocking Figures”), for example, we find specific
use made of a compass and straight edge [Özdural, 2000, 185]. An earlier study [Özdural, 1995] provides more detailed
information on such techniques.
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in ancient Euclidean documents, but the evidence is not sufficient for us to generalize.88
In Arabic Euclidean manuscripts, the space left for diagrams is almost always less than the width of
the text column and is almost always in the form of a neat square or rectangle.89 The size of the diagram
space is related to the space requirements of the diagram—it is not rendered in a standard or uniformly
sized area. Typically, the diagram area will have one side flush with the margin (often the left, sometimes
the outer margin of the codex) of the column of text. The diagram space is never, in my experience,
bounded by ruled lines. Occasionally, one part of the diagram will extend beyond the implicit boundary
and encroach on the text or, more often, the margin. Perhaps the scribe has estimated insufficient space
for the completion of the diagram or perhaps the copyist, having begun the construction using too large
a scale, decided to complete it on the same scale, rather than erase and begin again.
Orientation of the straight lines used in Books V and VII–IX to represent magnitudes or numbers
may be either horizontal or vertical or, rarely, a combination of the two, depending on the copyist’s
preferences or, perhaps, on the style used in the manuscript from which he is copying. In Yahuda 4848,
magnitude lines within the text of the Tah
.
rı¯r are oriented vertically, while in the margin the diagram lines
have a variety of orientations, usually more or less horizontal, depending on the whim of the annotator
or, more probably, on the space available in the margin. If only one letter designates the line, it most
frequently appears either at the upper end of the line within vertically oriented diagrams or centered to
the left or right of the line. In horizontally oriented diagrams, letter labels appear most often above the
level of the lines, although placement below is not unknown. Rarely do we find letters above and below
the same horizontal line, however. The numerical values which appear in some manuscripts are almost
always placed beside the vertical line, either on the right or the left. They are written sometimes vertically,
making them parallel with the main text, sometimes horizontally, making their primary reference to the
diagram line itself. In the case of horizontal lines, the numerals are more frequently placed above than
below the level of the line.
Letter labels follow the “abjad” (alphanumeric), rather than the natural alphabetic order, although in
the Arabic Euclidean tradition, the letters waw and ya¯ are rarely used.90 The labels are applied, usually,
in the order in which the mathematical elements are mentioned in the text of the proposition. Labeling
conventions in Greek, Arabic, and Latin mathematical texts exhibit considerable complexity, as described
by Kunitzsch [1991/1992], and more study is needed before they are completely understood.
Because diagram numerals often appear very faint in microfilms, they are presumably rendered in
red, rather than black, ink. Red ink was apparently used for a variety of purposes. One seems to have
been to set off important elements such as headings, chapter titles, or proposition numbers. For example,
88 I have in mind especially papyrus fragment, P. Oxy. i. 29, for example, which is illustrated and described in Fowler [1990,
212].
89 St. Petersburg C 2145 appears to be an exception. In this manuscript, diagrams are more variably placed, although still near
the end of the proposition. Another unusual feature of the manuscript is that, in Book XII, the text fills in even spaces within
the diagram that would typically have been left empty by other scribes. One receives the strong impression that the diagrams
were rendered on the page first, the copyist estimating the amount of space that would be filled by the text. But, finding himself
running out of space, he continues the text right into the diagram area. So, for example, the diagram for Proposition XII, 1
(fol. 188b) is entirely surrounded by text in such a way that it is difficult to presume that the text was produced prior to the
diagram. A similar situation obtains in Rampur, Arshı¯ 3656, in the diagram for XI, 3–5.
90 One exception to this generalization occurs in the spurious Books XIV and XV of the Elements, which were translated by
Qusta¯ ibn Lu¯qa¯..
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.
rı¯r of al-Maghribı¯,91 most enunciations begin with several words that are much fainter that
the remainder—sometimes almost invisible on the microfilm. Presumably they have been rendered in
red. Similarly, all internal references to previous propositions found within this manuscript are nearly
illegible. Probably this faintness indicates that they, too, were rendered in red, perhaps to set them off
from the remainder of the text. Moreover, a well-known statement of al-T
.
u¯sı¯, in the introduction to his
Tah
.
rı¯r of the Elements, tells us that he intends to indicate the number of propositions found in the version
of Tha¯bit in red and those in the version of al-H
.
ajja¯j in black whenever the two numbering systems differ
from one another. Since al-T
.
u¯sı¯ typically follows the order of Tha¯bit, his choice of colors would indicate
that red probably should be seen as more important than black.92 The lines of geometrical diagrams, too,
were sometimes rendered, in whole or in part, with red rather than black ink, rendering the diagrams
frustratingly invisible apart from the black letters labeling elements within the diagram.
Appendix B. The marginal diagrams in Yahuda 4848
In this Appendix, I list the marginal diagrams or diagram notes found in Yahuda 4848. For each,
I summarize the kind(s) of information that differ from the diagrams in the text of the Tah
.
rı¯r. The
diagrams are listed by the number of the proposition in the Tah
.
rı¯r to which they are attached. A question
mark indicates uncertainty about the information. Usually the uncertainty reflects the state of the marginal
material. The following abbreviations are used:
H = Attributed to al-H
.
ajja¯j;
U = Unattributed;
L = Altered letter labels;
N = Altered diagram numerals;
+ N = Margin adds numerals not in Tah
.
rı¯r;
D = Double letters replace single letters;
S = No changes in letter labels or diagram numerals discernable.
• V, 5: H,L
• V, 9(?): H,S
• V, 10(?): H,N
• V, 11: H,+N
• V, 12: U,S
• V, 13: H,S
• V, 15: U,S
• V, 20: H,+N
• V, 21: H,N
• VII, 3: H,D,N
• VII, 4: H,N(?)
• VII, 7: U,L,N
• VII, 9: U,N
• VII, 11: H,N
• VII, 12: H,D,+N
• VII, 13: H,D,+N
• VII, 14: H,D,+N
• VII, 15: H,N
• VII, 16: H,D,N
• VII, 17: H,D,+N
• VII, 18: H,D,+N
• VII, 23: H,D,+N
• VII, 24: H,D,N
• VII, 25: H,D,N
• VII, 26: H,D,N
• VII, 27: H,D,N
• VII, 28: H,D,N
• VII, 31: H,D,N
• VII, 32: H,D,N
91 Oxford, Or. 448.
92 T
.
u¯sı¯ follows a similar procedure in his edition of the Spherics of Menelaus, one of the “mutawassit
.
a¯t” or intermediate texts
leading from the study of Euclid to the culminate in mastery of the Almagest of Ptolemy. In this treatise, also, al-T
.
u¯sı¯ is using
two recensions and indicates differences between their numeration with red and black inks. In a note to Spherics III, 15, he
states that the redaction indicated in red ink is the better version. See Pinel and Taha [2003, 47–49].
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• VII, 36: H,D,+N
• VII, 37: H,D,N
• VII, 38: H,D,+N
• VII, 39: H,D,+N
• VIII, 3: H,N
• VIII, 5: H,L,N
• VIII, 6: U,N
• VIII, 8: U,L,N
• VIII, 10: U,N
• VIII, 12: U,N
• VIII, 13: U,S
• VIII, 17: H,N
• VIII, 18: H,N
• VIII, 19: H,L(?),N
• VIII, 26: U,+N
• VIII, H,S
• IX, 1: U,N
• IX, 4: U,+N
• IX, 5: U,S(?)
• IX, 6: U,S
• IX, 7: U,N(?)
• IX, 11: H,[lost]
• IX, 19(?): H,+N
• IX, 20: H,+N
• IX, 30(?): H [illegible]
• IX, 31(?): H [illegible]
• IX, 32: U,L,N
• IX, 37: U,N(?)
• X, 1: H,L,N
• X, 2: U,L,+N
• X, 8: H,N
Appendix C. Diagrams in the primary Arabic transmission
In this Appendix, I provide a general description of the diagrams in the primary manuscripts of
the Arabic transmission. Although it is obviously impossible to include every idiosyncratic feature, I
have tried to note all important variants in structure (but not in labeling) within each manuscript. For
each manuscript, I have inspected the entire codex, although I have also employed several informal
tests in order to place each manuscript on a level footing and allow some means of comparing among
manuscripts. Among these tests are:
(1) the treatment of generalized parallelograms in Book I,
(2) the shape of the squares required in Euclid’s Proposition I, 47,
(3) the treatment of magnitude lines in Book V and in Books VII–IX, and
(4) treatment of diagrams for XI, 7, 22, 40.
I make no claim that these constitute reliable tests for grouping manuscripts or tracing lines of influence,
although they seem to me at this preliminary stage to provide a useful focus as we look at the manuscript
evidence.
My observations indicate that there was not a rigid system of constructing diagrams. Individual
copyists seem to have followed personal preferences, with freedom to adapt or modify these preferences.
At this moment, it appears impossible to establish either geographic or temporal boundaries for any
specific practices of diagram construction.
Cambridge, Addit. 1075
Diagrams are placed in square or rectangular openings in the text, aligned with the left margin of the
text column and typically less than the width of the single text column on each folio. The diagrams come
at the end of the demonstration.
The generalized parallelograms in Book I are shown as rectangles. The squares in the diagram of
Proposition I, 47 are drawn as quadrilaterals, not as squares. Magnitude lines in Books V and VII–IX
are typically oriented vertically, with the labels either to the left or the right (sometimes both in the
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labeling on the left. The parallel lines of Proposition XI, 7 are oriented vertically. The quadrilateral figure
in Proposition XI, 22 is shown as a parallelogram. The cube in Proposition XI, 40 appears cubic.
Elsewhere, lines may be drawn either horizontally or vertically. Sometimes we find both forms in the
same proposition (VI, 11, fol. 66a; IX, 16, fol. 106a; X, 47, fol. 133a).
Copenhagen, Mehren LXXXI
Diagram spaces are typically aligned with the left margin of the text column. Diagram placement
varies: sometimes the diagram is placed near the enunciation, more frequently near the end of the
demonstration. Diagram lines, as well as both letter and numeral labels, are clear and dark in the
microfilm.
Diagrams in Book V and Books VII–IX are generally oriented vertically, although when there is only
one line, it is typically horizontally oriented with lettering above the line and numerals either above or
below. In the case of vertical lines, the labeling may be either to the left (the more common case) or right
of the line or on the line itself. The orientation of the parallel lines in Proposition XI, 7 is vertical. The
quadrilateral of Proposition XI, 22 is shown as a quadrilateral, although the cube in Proposition XI, 40 is
not constructed to resemble a cube.
In Book V, Propositions 1 and 2 have horizontal diagrams. Proposition V, 2 has the horizontal diagram
rotated 90◦ to the left. The diagram for V, 4 has been rotated 90◦ to the right, appearing as horizontal
lines. The diagram for V, 10 appears in the right margin of the folio. It appears that the copyist forgot to
leave a space for the diagram within the text.
Although most diagrams appear on the left margins of the text columns, after Book XI, we find this
pattern is sometimes violated. Diagrams are placed on the right margin in Propositions XII, 3, 4, 9, 13,
14; XIII, 3, 10, 12, 14; XIV, 1–4, 6, 9–10.
Numerals appear in diagrams for V, 3–6 and 8; VI, 15–16 (some of these numerals are in alphanumeric
form); IX, 16, 21–24, 26.
There is an error in constructing the diagram for XI, 12, and in the diagram for XI, 23 an error produces
an extraneous line. There are many examples of doubled straight lines in diagrams, apparently stemming
from use of a fairly thick straightedge tool, so that the copyist’s pen does not follow the same path in
both directions. We can also see an example of a doubled arc caused by a double swing of the compass
to create a gnomon (fol. 190a) or a circle (fol. 202b).
Dublin, Chester Beatty 3035
Diagram spaces are aligned with the left margins of the text column. Diagram lines are frequently
invisible, although the labels themselves are usually quite clearly visible.
The generalized parallelograms of Book I are shown either as quadrilaterals or as rectangles. The
squares in Proposition I, 47 are not represented as squares, but as quadrilaterals.
Magnitude lines in Books V and VII–IX are usually oriented vertically. Labels are usually at the left,
but numerous examples of labels to the right or on the lines themselves also exist. The diagram for IV, 3
has been partially rotated 90◦ right. Proposition V, 4 has its horizontal diagram rotated 90◦ right. If there
is only one line used in the diagram, it is typically placed horizontally. The diagram of III, 23 is missing,
although there is a blank space left for it. Perhaps the copyist simply forgot to construct it. The diagram for
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because the diagram for VIII, 19 has been included twice within that proposition. Propositions X, 29
and 47 are missing their diagrams. No space has been left for them. In the case of X, 47, its diagram
follows the enunciation of X, 48. The diagram for XIII, 20 is incomplete and lacks labeling.
The parallel lines in the diagram for Proposition XI, 7 are oriented vertically. The quadrilateral of
Proposition XI, 22 is drawn as a square. The cube in Proposition XI, 40 is very nearly cubical.
Numerals are inserted into some diagrams: II, 12–13; V, 1–3, 37–39; VI, 18; VII, 1–3, 37–39; VIII, 1–
31, 32, 35; X, 1–18, 21, 24–28, 30–37, 44–45, 48–49. The extensive use of numerals within Book X is
unusual. Many diagrams mix alphanumeric, verbal, and numeral forms.
Dunedin, Otego Museum, De Beer 8
Diagrams are placed between propositions in column-wide text gaps. Both lines and labels are clear
and legible.
Parallelograms are sometimes shown as true parallelograms, sometimes as rectangles. In the diagram
for Proposition I, 47, one “square” is clearly not shown with right angles. The other two appear close to
true squares.
The diagram for Proposition II, 6 appears only in the margin. It is rotated 90◦ right in comparison with
the more typical presentation. The diagram for II, 11 is also rotated 90◦ to the right in comparison to its
typical presentation, but it occurs between the propositions as is the usual placement in this manuscript.
There are two attempts to create the diagram from III, 10. One is labeled “ghalat
.
” (error). The diagram
for III, 12 contains two figures. One is unlike any others in the primary transmission. The other has been
rotated 90◦ right in relation to the typical presentation. The diagram for III, 14 is inverted in relation to
its usual presentation. It is also incorrectly constructed, with too many lines in evidence. The diagram for
III, 15 has, once again, been rotated 90◦ to the right. The diagram for III, 21 is repeated in the text. Since
there are no obvious differences, the reason for this repetition remains opaque.
Escurial 907
Diagrams are placed in square or rectangular openings in the text, aligned with the left margin of the
text column and typically less than the width of the single text column on each folio. The diagrams come
at the end of the demonstration.
The generalized parallelograms of Book I are shown diagrammatically as rectangles. The squares
in I, 47 are shown visually as quadrilaterals, not as squares. Magnitude lines in Books V and VII–IX
are constructed horizontally, with the label above the line. Three diagrams including lines have been
rotated 90◦ to the right, so that they initially appear oriented vertically. The position of the labels,
however, indicates that they should be read as horizontal diagrams that have been rotated. These occur
in Proposition VI, 13 (fol. 48b), Proposition VII, 20 (fol. 73b), and Proposition IX, 32 (fol. 93b). The
diagrams for Propositions X, 89 and 90 appear to have been incompletely labeled.
The parallel lines in the diagram for Proposition XI, 7 have been constructed horizontally and the
entire diagram is oriented toward the right. The quadrilateral in the diagram for XI, 22 has been shown
as a quadrilateral. The cube in Proposition XI, 40 has been drawn as a true cube. The diagram for
Proposition XI, 1 has been inverted relative to the usual presentation, as have also the diagrams for
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relative to the usual presentation.
Istanbul, Fatih 3439/1
Diagrams are placed in square or rectangular openings in the text, aligned with the left margin of the
text column and typically less than the width of the single text column on each folio. The diagrams come
at the end of the demonstration.
Generalized parallelograms of Book VI are rendered as rectangles. Magnitude lines in Book V
are oriented horizontally. Labels are placed above the line or on the line itself. In Book VI, lines in
combination with geometrical shapes are placed vertically, but if the diagram contains only straight lines,
they are placed horizontally, as in Book V. In Books VII–IX, magnitude lines are often placed vertically
with the label at the left of the line. Exceptions are Propositions VIII, 5–7 and 22. Some apparently
vertical lines are really horizontal diagrams rotated 90◦ right (as in IX, 10 and 12, fol. 22a).
The parallel lines in the diagram of XI, 7 are oriented vertically. The quadrilateral constructed in the
diagram for Proposition XI, 22 has been drawn as a quadrilateral. The diagram for Proposition XI, 35
was never filled in, although there is an empty space left for it (fol. 51b). The cube in Proposition XI, 40
has been constructed so that it does not resemble a true cube.
Oxford, Huntington 435
The manuscript has apparently been copied in several different hands. The first major section includes
Books I–VI. Diagrams are placed at the left margin of the text column, at the end of the proposition. Both
lines and labels are clear and legible.
General parallelograms in Book I are shown as rectangles. The squares in the diagram for
Proposition I, 47 are shown as true squares. In Book V, magnitude lines are vertical, with a strong
preference for labels to the left of the line.
There are several curious inconsistencies, however, in this section. The diagram for Proposition II, 10
has been repeated in the margin, with the addition of numerals in the diagram. And in Book VI, from
folio 54 to folio 60, diagrams are arranged on the outer margins of the codex, rather than on the left
margin as before. The significance of this change is not clear to me. From folio 60 to the end of Book VI,
diagrams are again aligned on the left margins of the text column.
Book VII is copied by a different hand. The magnitude lines are still shown vertically, but labels
are typically placed at the end of the lines. Intermediate points will be indicated without an apparent
preference for right- or left-hand placement.
Book VIII, while it appears to be copied in the same hand as Book VII, shows a reversion to the
pattern of labels on the right of the vertical lines. Unlike many manuscripts, even when there is a single
line in Book IX, the diagram will be shown as vertical. Book X is copied in yet another hand. Diagrams
continue to be located on the left margins of the text column. When there are vertical lines to indicate
magnitudes, the labels are placed either to the left or right or above the line, with no clear preference for
one placement.
Book XI is copied by yet another hand. Diagrams are still on the left-hand margin of the text column.
Typically they appear rather carelessly constructed, sometimes little more than sketches. For example,
careless construction techniques in XI, 16 result in extraneous lines being introduced into the diagram.
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fragmentary portions of Book XI appended to the end of the codex.) The diagram for Proposition XI, 22
constructs the quadrilateral as a parallelogram. The diagram for Proposition XI, 35 shows a failure
to understand perspective, resulting in a faulty diagram. The cube in Proposition XI, 40, however, is
correctly constructed as a cube. Propositions XI, 37 and 41 include an alternative diagram labeled “in
another text” (fol. 167a and 169b). In a somewhat similar vein, the diagram for Proposition XII, 3 is
sketched a second time in the margin. The reason for this duplication is not clear, however.
Oxford, Thurston 11
Diagrams are placed in square or rectangular openings in the text, aligned with the left margin of the
text column and typically less than the width of the single text column on each folio. The diagrams come
at the end of the demonstration. Lines in the diagrams are often very faint or invisible, although the letter
labels are dark and clear.
Generalized parallelograms in Book I have been shown as rectangles. The squares in Proposition I, 47,
however, are shown as quadrilaterals. Magnitude lines in Book V and VII–IX are usually horizontal. The
few exceptions are cases of the diagram being rotated 90◦ to the right. (It is difficult to be certain in some
cases since the diagram lines are so faint in the microfilm. The placement and orientation of the letter
labels implies that this is the case.)
Numerals have been inserted into some diagrams. They occur in every proposition in Book V, as well
as in Propositions VI, 1, 7, 9, 21, 23; VII, 1, 2, 5, 10–11, 15, 19–20, 32–33, 35–39; VIII, 5–6, 8–22,
24–27; IX, 1–12.
An alternative diagram has been sketched in the margin beside Proposition X, 5. It is not clear whether
it is a later addition or the work of the copyist himself. The last two diagrams in Book XI have been
rotated 90◦ right. (This is sometimes found with line diagrams, but this is the only example in this
manuscript involving a geometric diagram. The reason for this unusual treatment is not clear.) The
diagram of XI, 7 shows the parallel lines as horizontal, with the diagram facing toward the left—the only
example of such orientation in the primary transmission manuscripts that I have studied. The diagram
for Proposition XI, 9 is produced twice, both times incorrectly. The diagram for XI, 10 is also incorrectly
constructed. Proposition XI, 22 constructs the quadrilateral as a parallelogram. On the other hand, the
cube in XI, 40 is correctly shown as cubic. On folio 212a, we find a diagram that was improperly sized,
so that it encroaches on the text area.
Rabat 53
Diagrams are placed in square or rectangular openings in the text, aligned usually with the right margin
of the text column, although there is no consistent pattern. On p. 67, we find diagrams aligned with both
right and left margins on the same page. Diagram spaces typically occupy less than the width of the single
text column on each folio. The diagrams come at the end of the demonstration and appear unusually large
compared to the text.
Generalized parallelograms of Book I are shown as parallelograms. The squares in the diagram of
Proposition I, 47 are presented as true squares. Diagrams in Book V are typically horizontal lines with
the labels above, although in at least two propositions (V, 20 and 21) they are arranged vertically. The
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The labeling, however, indicates that this is a case of rotation.
Rabat 1101
Diagrams are placed in square or rectangular openings in the text, aligned with the left margin of the
text column and typically less than the width of the single text column on each folio. Two propositions,
I, 15 and 21, have the diagram placed within a small square opening in the center of the text column. The
diagrams come at the end of the demonstration. On some folios, diagram labels are difficult to read or
appear very light compared to the body of the text. This may indicate use of red ink, although its use for
diagram labeling would be rather unusual.
The generalized parallelograms of Book I are shown diagrammatically as parallelograms. The squares
in I, 47 are shown as squares. Magnitude lines in Books V and VII–IX are constructed horizontally, with
the label above the line. Two diagrams, IX, 37 and X, 94 have each been rotated 90◦. IX, 37 is rotated
toward the right. The rotated diagram for X, 94 appears in the margin, rotated to the left. Its presence here
is a mystery, since the diagram also appears, without rotation, at the end of the proposition where we
would expect to find it. There are two additional diagrams in the margin. The first occurs in conjunction
with Proposition III, 35. It is associated with the alternative demonstration attributed to Tha¯bit. The other
occurs in conjunction with Proposition IV, 4. It apparently represents an alternative, but it cannot be
traced to any other source in the Arabic transmission.
The diagram for Proposition XI, 7 has parallel lines constructed horizontally, with the diagram oriented
toward the right. The diagrams of XI, 8 and 9 are incorrectly constructed. The diagram for XI, 16 is also
rotated 90◦ relative to the customary orientation. The diagram for XI, 22 correctly shows the quadrilateral
shape. The diagram of XI, 40 shows the cube as a true cubic structure.
Rampur, Arshı¯ 3656
Diagrams are typically placed in reserved spaces aligned on the left margin of the text column. The
diagrams are not consistently placed within the text. Usually they come near the end of the proposition,
but there are many exceptions. Both diagram components and labels are clear and legible.
As one peruses the manuscript, many diagrams appear to be missing, since there are many blank
spaces where, presumably, a diagram should have been placed. A more careful reading, however, shows
that only a few diagrams are actually missing. For example, the diagram for Proposition I, 15 appears
to be missing. It has actually been incorrectly placed in Proposition I, 16 (fol. 5b). More often, the
blank spaces are the result of two or three diagram spaces being left within the proposition, only one
of which is actually occupied by the diagram. One example is Proposition I, 26 (fol. 10a). The diagram
has been placed near the beginning of the demonstration, so the second space near the end has simply
been left blank. Similar examples occur in Propositions I, 29, 46 (placed before the enunciation); II, 4,
8; III, 7–9, 30; VI, 26; VIII, 13, 16; IX, 38; X, 50. In other propositions, there are unexplainable blank
spaces that appear to have been intended for diagrams, although the diagrams are present elsewhere in
the proposition. Examples are VI, 4; VII, 23, 37; X, 14, 35; XI, 34; XII, 11, 15; XIII, 15. On the other
hand, some diagrams are actually missing: I, 24; III, 17; IX, 35; X, 16, 17, 25, 27, 28, 31, 32, 36–38, 44,
48, 49, 51–55, 57–62, 85–87, 89, 93, 94, 103; XII, 8, 12; XIV, 12.
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for XI, 7 the parallel lines are oriented vertically. The diagram for XI, 17 has been rotated 90◦ relative to
the customary presentation. The quadrilateral in the diagram for XI, 22 appears as a quadrilateral and the
cube for XI, 40 appears as a cube.
Other peculiarities include diagrams that are not labeled or are incompletely labeled. These occur, for
example, in Propositions VIII, 20; X, 50, 66–67, 73–77, 79–83, 88, 90–92, 95–102, 108–109; XII, 11;
XIV, 11; XV, 1. A few diagrams appear to have been incorrectly executed. The diagram for II, 10, for
example, leaves the lower half of its reserved space blank, but then encroaches on the text above the
diagram space (fol. 25a). A second example of a diagram encroaching on the text occurs in XIII, 16
(fol. 198b). There are also peculiarities of placement. The diagram for XI, 35, the final proposition in
Book XI, follows the conclusion of the book and occupies a space extending across the entire text column.
The diagram for XII, 11 appears one page prior to the beginning of the proposition (fol. 188a and 189b).
St. Petersburg, C 2145
Diagrams are aligned typically with the left margin of the text column, and usually placed near the
end of the proposition. There are some exceptional placements, though. I, 7–8, 40; II, 11; III, 14; IV, 3, 7,
15; V, 10 are some examples of placement at the right margin, rather than the left. The reason for these
occasional variations in placement are unclear. Diagram lines and labels are clear and legible. Many of
the diagrams encroach on the margins.
General parallelograms of Book I are shown typically as rectangles, rather than as true parallelograms.
The diagram for I, 47 shows the squares as true squares. Diagrams in Books V and VII–IX are typically
oriented horizontally. The parallel lines in XI, 7 are oriented vertically. The diagram for XI, 22 shows the
correct quadrilateral shape. And the cube in XI, 40 (here number 39) is shown correctly as a cube.
Diagrams for V, 9 and VI, 17, 19, 26–27, 30; VIII, 3, 8–9, 11, 13, 19 have been rotated 90◦ toward the
right. In X, 44, 82, 102, the diagram has been omitted, and the space for it is left blank. The diagram for
IX, 7 is incomplete.
Many diagrams have not been labeled. Examples occur in XI, 3, 5, 9–11, 16, 24. Other diagrams are
incompletely labeled, such as XI, 19 and 34. The diagram for XIII, 20 is also missing several diagram
labels. Still others seem to have incomplete diagrams, such as XI, 3 and XI, 35–36.
Tehran, Majlis 200
The diagrams are aligned at the left margin of the text column and appear small in comparison to other
manuscripts. Diagram lines are often quite faint in the microfilm, although the labels are easily visible.
This manuscript was almost certainly copied from Chester Beatty 3035. The notes for Chester Beatty
apply equally to this manuscript except for a few cases. Proposition V, 1 has been given numerals in the
diagram; the horizontal diagram for V, 4 has been rotated 90◦ right. The diagram for VI, 2 has also been
rotated 90◦ right. Proposition IX, 9 has no diagram numerals. Diagrams for Propositions XI, 32 and 34 are
constructed incorrectly. A corrected and partially labeled diagram accompanies the incorrect attempt in
XI, 32. Neither incorrect attempt in XI, 34 is labeled. The cube in XI, 40 has been incorrectly constructed,
so that it does not appear truly cubic.
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Diagrams are placed at the left margin of the text columns at the end of propositions. Lines and labels
are equally clear. Most lines appear straight, although occasionally, one appears more a sketch than a
constructed straight line (Proposition V, 5, for example). There are many small evidences of a certain
carelessness in diagram construction (lines do not always meet precisely, for example). This implies that
careful measurement is not taking place, but lines are placed only by eye.
Parallelograms of Book I are shown as rectangles. The squares in the diagram of Proposition I, 47 are
not shown as true squares. Magnitude lines in Books V and VII–IX are shown as vertical. There is a
strong preference for labels to the right of these lines. When there is only one line involved, it is usually
shown horizontally, with labels placed above the line. The parallel lines of XI, 7 are oriented vertically.
The quadrilateral of XI, 22 is drawn as a parallelogram, although the cube in XI, 40 is constructed to
resemble a cube.
The diagram of Proposition IX, 16 incorporates both horizontal and vertical lines. Such mixing of the
two styles is unusual. The entire diagram for Proposition X, 84 appears more like a sketch than a carefully
constructed diagram. This, too, is rather unusual, although it may indicate only that the copyist was
initially unclear about the diagram, and so had to insert it hastily later in the copying effort. The diagram
drawn for Proposition X, 93 has the gnomon incorrectly indicated, so that the diagram does not fully
match the text. The diagram of XI, 2 is inverted relative to the usual presentation. The diagram for XI, 14
has been rotated 90◦ left in relation to the customary orientation. The diagram for Proposition XII, 1
should contain two pentagons inscribed in a circle. One is easily recognizable as a pentagon. The other is
a quadrilateral surmounted by a triangle. Clearly, the copyist was either not a very competent draftsman
or he was not very interested in the proper construction of diagrams.
Uppsala, O. Vet. 20
Diagrams are placed in square or rectangular openings in the text, aligned with the left margin of the
text column and typically less than the width of the single text column on each folio. The diagrams come
at the end of the demonstration. Diagrams and labels are clear and legible.
The generalized parallelograms of Book I are typically shown as rectangles. The squares in the
diagram of Proposition I, 47 are shown as squares. The magnitude lines in Book V are oriented vertically.
This is also true for most of Books VII–IX, although if the diagram consists of a single line, it is
much more likely to be placed horizontally. There are other examples of horizontal lines, such as in
Propositions VII, 9, 11, 16, 18–20, 24, 26–27, 30–31; VIII, 22–27; IX, 9, 35–36; 13. The parallel lines in
XI, 7 are oriented vertically. The diagram for XI, 22 shows the quadrilateral as a parallelogram. The cube
in XI, 40, however, is shown as a true cube. In addition, several diagrams are rotated relative to the usual
presentation. These include XI, 10–11 and XI, 15–16.
This manuscript includes numerals in some diagrams. These are II, 10 and 12; all of Book V; all of
Book VII, except Propositions 12–13, 18, 26, 30; all of Book VIII; all of Book IX; X, 44–49. Most
numerals are much lighter than the diagram labels or the text. Perhaps they have been added in red ink.
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I list here the complete identification of all Arabic manuscripts consulted for this paper. In almost
every case, I have relied on microfilm or print of the manuscript.
Primary transmission
The manuscripts of the primary transmission were listed in Sezgin [1974, 104]. His list was expanded
by Folkerts [1989, 28] as new sources were discovered. The most recent listing, which is based largely
on the previous lists supplemented with information from cataloging notes, is in the preface of Lo Bello
[2003], where the manuscripts are arranged chronologically.93 I list my sources alphabetically and include
only primary transmission manuscripts that I have consulted.
• Cambridge, University Library, MS. Addit. 1075.
• Copenhagen, Kongelige Biblioteket, Mehren MS. LXXXI.
• Dublin, Chester Beatty Library, MS. 3035.
• Dunedin, New Zealand, Otego Museum, MS. De Beer 8.94
• Istanbul, Süleymaniye kütüphanesi, Fatih Camii, MS. 3439/1.
• Madrid, Escurial, MS. árabe 907.
• Oxford, Bodleian Library, MS. Huntington 435.
• Oxford, Bodleian Library, MS. Thurston 11.
• Raba¯t
.
, al-Maktaba al-Malikiyya, al-Khiza¯na al-H
.
assaniyya, MS. 53.95
• Raba¯t
.
, al-Maktaba al-Malikiyya, al-Khiza¯na al-H
.
assaniyya, MS. 1101.
• Rampur, Rid
.
a¯ Library, MS. Arshı¯ S. no. 3656 (accession number 103M).
• St. Petersburg, Akademiya Nauk, Institut Vostokovedenya, MS. C 2145.
• Tehran, Majlis Shu¯ra¯, MS. Itisami 200.
• Tehran, Malik, MS. 3586 (with its completion from Da¯nishga¯h 2120).
• Uppsala, Universitetsbibliotek, MS. O. Vet. 20.
Secondary transmission
• Dublin, Chester Beatty Library, MS. 3424: Athı¯r al-Dı¯n al-Abharı¯, Is
.
la¯h
.
Kita¯b Uqlı¯dis.
93 In a rapidly changing field, some of Lo Bello’s information needs to be updated. For example, the identification number
of the Kastamonu manuscript (number 15 in his listing) is 73, not 607 as reported by Sezgin [Brentjes, 2001, 52, note 13].
Paris, Bibliothèque Nationale, MS. arabe 2500 (number 16 in his listing) is not, as Lo Bello correctly notes, a manuscript of
the primary transmission. It is a copy of the Ashka¯l al-Tası¯s by al-Samarqandı¯. See De Young [2001] for a recent study of this
treatise.
94 The Mah
.
mu¯d Sha¯h bin Sult
.
a¯n Moh
.
ammed Sha¯h mentioned in the margin of the first folio, along with the date 924 H.
[1518 C.E.], must be the 14th sultan of the Bahmani dynasty in central India. The typewritten note [Lo Bello, 2003, xxv–xxvi]
stating that the manuscript was in the library of Sultan Mahmud in 844 H. [1440 C.E.] seems a reference to Mah
.
mu¯d Sha¯h
Khiljı¯ of Malwa, known to Western historians as Mahmud Shah Cholgi, who is credited with preparing a Persian astronomical
and cosmographical treatise. See G. De Young, “John Greaves’ Astronomica Quaedam: Orientalism and Ptolemaic Astronomy
in Seventeenth Century England,” Indian Journal of History of Science, to appear.
95 Lo Bello [2003, xxvi] follows the incorrect description in Sezgin [1974, 104]. The correct number is 53. The manuscript
contains only Books I–V.
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mous, Sharh
.
Uqlı¯dis.
• Hyderabad, State Central Library [Oriental Manuscripts Library and Research Institute], MS. riya¯d
.
ı¯
2: Anonymous, Sharh
.
Uqlı¯dis.
• Hyderabad, State Central Library [Oriental Manuscripts Library and Research Institute], MS. riya¯d
.
ı¯
496: Nas
.
ı¯r al-Dı¯n al-T
.
u¯sı¯, Tah
.
rı¯r Kita¯b Uqlı¯dis.
• London, British Library, MS. Add. 23387: Nas
.
ı¯r al-Dı¯n al-T
.
u¯sı¯, Tah
.
rı¯r Kita¯b Uqlı¯dis.
• Oxford, Bodleian Library, MS. Or. 448: Muh
.
yi al-Dı¯n al-Maghribı¯, Tah
.
rı¯r Uqlı¯dis.
• Paris, Bibliothèque Nationale, MS. Persan 169H: Anonymous, al-Maqa¯la al-Tha¯niyya min Kita¯b
Uqlı¯dis.96
• Princeton University, Library, MS. Yahuda 4848: Nas
.
ı¯r al-Dı¯n al-T
.
u¯sı¯, Tah
.
rı¯r Kita¯b Uqlı¯dis.
• Tehran, Sipahsalar, MS. 540: “Pseudo-T
.
u¯sı¯,” Kita¯b Tah
.
rı¯r Us
.
u¯l li-Uqlı¯dis [Incorrectly cataloged as
Kita¯b al-Is
.
la¯h
.
al-Fa¯d
.
l al-Ala¯ma Athı¯r al-Dı¯n al-Abharı¯].
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